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Abstract 
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1 Introduction 



A topological space X is called a CO space if every closed subset of X 
is homeomorphic to some clopen subset of X. The simplest example of a 
compact Hausdorff CO space is a successor ordinal with its order topology. 

In this work we characterize the CO spaces which are continuous images 
of compact interval spaces. There are such spaces which are not ordinals, yet 
this class is not much bigger than the class of successor ordinals. 

So far there has been only one result concerning compact Hausdorff CO 
spaces which are not continuous images of compact interval spaces. It is due 
to Bonnet and Shelah [BS]. Assuming <^^^ they construct a thin tall CO 
space. The significance of this result is that it indicates that there is no 
explicit description of general compact Hausdorff CO spaces. 

To state the main theorem of this work, we need the following terminology. 
A space {X, t^) is an interval space, if there is a linear ordering < of X such 
that is the order topology of this linear ordering. That is, a subbase for 
this topology is the family of sets 

{{x eX\x<a}\aeX}L} {{x e X \ x > a} \ a E X}. 

An interval space X is called an ordinal space if there is a well ordering of X 
such that is the order topology of this well ordering. For infinite cardinals 
A, /i, let /i* denote the reverse ordering of /j, and Xx,i_i denote the interval space 
of A+H-//* .Define a(XA,^) to be the following ordinal: a{Xx^^) := max(A,;u)- 
uj. For an infinite cardinal k let X^ denote the one point compactification of 
a discrete space of cardinality k and set ^(XhJ :=a;^. The notation X = Y 
stands for the fact that X and Y are homeomorphic, and f : X = Y means 
that / is a homeomorphism between X and Y. The final result of this work 
is the following theorem. 

Theorem 1.1. (a) Let X be a Hausdorff space which is a continuous image 
of a compact interval space, and assume that X is a CO space. Then there 
is a partition { Z,Yq, . . . , Ffc-i} of X into open sets such that 
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(1) For every i < k either Yi = X^i, or Yi = Xx^^, where X, /j, are some 
infinite regular cardinals and /i > Kq. 

(2) Z is an ordinal space homeomorphic to some successor ordinal (3. 

(3) (3 > a(Yi) for every i E I. 

Note that if X\^^ = X\i^^i, then {A,//} = {A',/i'}. So a{Yi) is well-defined. 

(b) If a space X has the above form, then X is a CO space, and X is a 
continuous image of a compact interval space. ■ 

Part (b) of the above theorem is merely an observation. It is Part (a) 
which is the real subject of this work. 

A compact Hausdorff space X is scattered if every nonempty subset of X 
has an isolated point in its relative topology. Let Kcii denote the class of 
all Hausdorff spaces which are the continuous image of a compact interval 
space. Section [2] deals with the following intermediate step in the proof of 
Theorem II. 1[ 

Theorem 1.2. If X E Kcii (^i^'d X is a CO space, then X is scattered. 

Three main questions arise. 

Question 1.3. (a) Is there a non-scattered compact Hausdorff CO space? It 
is even not known whether it is consistent with ZFC that such a space exists. 

(b) The construction of [BS] works only for Ki. So we ask whether there is 
a compact Hausdorff CO space of cardinality > Ki which is not a finite direct 
sum of a member of the class defined in Theorem 11.11 and a CO space with 
cardinality Ki? It is even not known whether this statement is consistent. 

(c) Does it follow from ZFC that there is a compact Hausdorff CO space 
which does not belong the the class defined in Theorem 11.11 .'' 

Let -ft'ivL be the class of 0-dimensional compact interval spaces. The 
classification those CO spaces which belong to Kivl was dealt with in [BBR] . 
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The classification theorem proved in |BBRj is of course a special case of 
Theorem ll.li 

After the authors had proved Theorem ll.2[ Shelah proved a theorem 
which turned out to be almost equivalent to 11.21 The statement of this 
theorem appears in |S| p. 355. However, a proof of that theorem has never 
appeared. That Shelah's statement is equivalent to a statement about con- 
tinuous images of interval spaces follows from [HJ. 

The main steps in the proof of Theorem II. IL 

In Section [2] we prove that a CO space which is a continuous image of 
a compact interval space must be scattered (Theorem 11.21) . The rest of 
the sections deals with scattered spaces which are a continuous image of a 
compact interval space. 

Section [3] deals with the question: when a scattered continuous image 
of a compact interval space is itself an interval space. The characterization 
uses "obstructions". We define a class O of topological spaces, and prove 
that every space which is a scattered continuous image of a compact interval 
space, and which does not embed any member of O must be an interval 
space. This statement appears in Theorem 13.11 

Let X be a scattered continuous image of a compact interval space, and 
suppose that X is a CO space. We shall show that X is the sum of finitely 
many copies of and a space Y which omits all members of O. (See 
above). Then we use the characterization of CO compact interval spaces 
from [BBR] to get a description of Y . 

Section m contains the main technical lemma needed in the proof that the 
obstructions are omitted (Theorem 14. 2p . It says that if X is a scattered CO 
space then there are no subsets M, L, K C X such that M L K. (See 
Definition 14. ip . In Theorem 14.21 the CO space X is assumed to have a very 
strong Hausdorff property. Because of this assumption we are able to deal 
only with continuous images of compact interval spaces and not with general 
compact spaces. 
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In section 13 we show that the obstructios are omitted and in [HI we obtain 
the desired characterization. 

As a matter of fact, using Theorem 14.21 there is a short clean proof of the 
characterization of CO scattered compact interval spaces. This has already 
been done in [BBRj . but in a less elegant way. So in Section [7] we prove this 
characterization. By doing so, this work becomes self-contained and easier 
to read. 

2 Scatteredness of CO spaces which are con- 
tinuous images of compact interval spaces 

In this section we prove Theorem 11.21 The proof is by way of contradiction, 
but it takes till Theorem 12.291 to reach this contradiction. In two of the 
intermediate lemmas - Proposition 12.51 and Corollary 12.81 a space X is given, 
and it is assumed that X is a non-scattered CO space. Since it is not known 
whether non-scattered CO spaces exist, these lemmas have little or no use 
once Theorem 11.21 is proved. In addition. Propositions 12.221 12.231 and 12.241 
assume the existence of a CO space which has some extra propreties. These 
assumptions too are likely to be contradictory. See especially 12.241 

We do not prove directly that every CO space which belongs to Kqu 
is scattered. This turns out to be too tedious. Rather, we find certain 
topological properties of members of Ken which serve as interpolants. For 
example, in Part 1. below, we prove that every member X of Kqh is tightly 
Hausdorff, and later we use this property of X rather than assuming that 
X G Kqh . There are four other properties of members of Kqh which are 
used as interpolants, and we prove them just before they are used. The class 
of spaces with these five properties is denoted by K. In Theorem 12.291 we 
prove that every member of K which is a CO space is scattered. Hence the 
same is true for members of Kqh . 

1. Some Hausdorff-type properties of members of Ken- 
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We start by defining the notion of a tightly Hausdorff space. We shall show- 
that members of Kqu are tightly Hausdorff. This property and some of its 
weaker variants will be used extensively. 

Definition 2.1. Let X be a topological space. 

(a) We denote by the topology of X. UACX, then d^{A), int^(A) 
and acc^{A) denote respectively the closure, interior and the set of accumu- 
laton points of A in X. If x G X, then the set of open neighborhoods of x in 
X is denoted by Nbr^(x). Similarly, Nbr^(x) and Nbr^p(x) denote respec- 
tively the the set of closed neighborhoods of a; in X and the set of clopen 
neighborhoods of x in X. Superscript ^ is omitted when the indended space 
X can be understood from the context. 

(b) A family A of subsets of X is called a pairwise disjoint family, if 
A n i? = for any distinct A, B E A. Let ^ a be pairwise disjoint family 
of subsets of X and x G X. We say that x is an accumulation point of A, 
if every neighborhood of x intersects infinitely many members of A. The 
set of accumulation points of A is denoted by acc(^). Suppose that ^ is a 
pairwise disjoint family of subsets of X, such that for every B , C <^ [j A, ii 

{AeA\BnA^(li}^{AeA\CnA^(l)}, 

then 

acc({fin A I A G A}) = acc({Cn A I A G A}). 

Then A is called a tight family. 

(c) A subset ^4 C X is relatively discrete if A together with its relative 
topology is a discrete space. So A is relatively discrete iff A fl acc^{A) = 0. 

(d) Let A C. X . A family U = {U^ \ x E A} is called a Hausdorff system 
for A, if W is a pairwise disjoint family and for every x E A, Ux E Nbr (x). 

(e) We say that W is a strong Hausdorff system for A, if W is a Hausdorff 
system for A and acc(W) = ace (A). 

(f) Let X be a Hausdorff space. If every relatively discrete subset of X 
has a Hausdorff system, then X is called a collectionwise Hausdorff space. If 
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every relatively discrete subset of X has a strong Hausdorff system, then X 
is said to be a strongly Hausdorff space, and if every relatively discrete subset 
of X has a tight Hausdorff system, then we call X a tightly Hausdorff space. 

■ 

Note that 

"tightly Hausdorff" =^ "strongly Hausdorff" =^ "coUectionwise Hausdorff" . 

Lemma 2.2. If X & Kcii, then X is tightly Hausdorff. 

Proof Let be a subset of a chain (L, <) and / C be a convex subset of 
L. We say that J is a convex component of in L if there is no convex set 
/' such that I' <0 N and I' properly contains /. Denote the family of convex 
components of in L by T{N). Clearly, X(A^) is a partition of A^, and if A'" 
is open in the order topology of L, then every member of X(A^) is open. 

Let (L, <) be a compact chain and f : L ^ X he a, continuous surjcctive 
function. Denote the order topology of (L, <) by and the topology of X 
by T-^ . Suppose that A C X is relatively discrete. For every x G A we define 
Lx G and Ux E . Let {xi | z < a} be an enumeration of A. We define 

and by induction on i. Suppose that L^^ and Uxj have been defined 
for every j < i, set Aq = {xj \ j < i}, and assume the following induction 
hypotheses. 

(1) For every x E Aq and / G T{Lx) there is S/ G / such that }\si) = x. 

(2) Lx n Ly — for every distinct x,y G Aq. 

(3) f-'^{Ux) C Lx for every x G Aq. 

(4) f{c\{Lx)) r\A = {x] for every x G Aq. 

Claim 1 (i) If s G acc({L^ | x G Aq}), then f{s) G acc(Ao). (ii) If 
s G cl(|J{La; I X G Aq}), then either /(s) G acc(Ao) or for some x G Aq, 
s G c\{Lx). 

Proof Statement (ii) follows trivially from (i). Let s be as in the (i) and 
J be an open interval containing s. Then for every finite set (7 Q Aq there 
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are distinct x,y, z & Aq — a such that L^, Ly, intersect J. Then there is 
I e X{L^)\JX{Ly)[JX{L^) such that / C J. Assume that I e I{L^). Then 
f{si) — X. This imphes that for every neighborhood N of s, f{N) fl Aq is 
infinite. So if [/ e Nbr(/(s)), then f-\U) E Nbr(s), so f{f-\U)) contains 
an infinite subset of Aq. Now, f{f~^{U)) — U. Hence U contains an infinite 
subset of Aq. So /(s) e acc(Ao). Claim 1 is proved. 

Denote Xi by y, and set K = cl((J{Lj; | x e Aq}). Then y ^ /(-R'). This 
rehes on the following three facts. 

• AnU,^,/(ciM) = Ao. 

. If s e cl(U{^. I X e Ao}) - U,eAo /(cl(^x)), then /(s) = acc(Ao). 

• A is relatively discrete. 

Hence Vy:=X- f(K) e Nbr(y). Choose Wy e Nbr(y) such that d{Wy) n 
A = {t/} and define My = /-^(T/j, n Wy) and L^, = U{^ e 2:(Mj,) 1 e /(/)}. 
Clearly T(L,) = {/ e I{My) \ y e /(/)} and r\y) C L,. 

Claim 2 There is C/j, e Nbr(^/) such that f~^{Uy) C L^. 
Proof Suppose that Claim 2 is false. Then for every F e Nbrci(?/), 
/-1(F) n (L - L,) ^ 0. So := n{r'(^) n{L-Ly)\Fe Nbr (y)} ^ 0. 
Let a e H. Then for every F e Nbrd(?/), /(a) e F. So /(a) = y. But 
a ^ Ly. A contradiction. This proves Claim 2. 

Let Uy e Nbr (y) be such that f~^{Uy) C Ly. We check that the induction 
hypotheses (1) - (4) hold for Ly and Uy. The definition of Ly implies that (1) 
holds, and the definition of Uy imphes that (3) holds. 

LyCMyC r\X - f{K)) C f-\X - L,)) CL- L,. 

So (2) holds. 

We prove (4). Certainly, y e f{Ly). Recall that Ly C My C f~'^{Wy). 
So cl(L,) C d{r\Wy)). Also, d{r\Wy)) C r\d{Wy)). So cl(L,) C 
f~^{d{Wy)) and hence 

/(cl(L,)) n A c f{f-\d{Wy)) nA^d{Wy)nA^ {y}. 
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The first equality follows from the surjectiveness of /. This shows that (4) 
is fulfilled. We have completed the inductive construction. 

We show that U := {Ux | x e ^} is a tight Hausdorff system for A. Let 
X, y e A be distinct. Then f~^{Ux) Q and f~^{Uy) C Ly. Since L^^Ly 
are disjoint, so are and Uy. Observe the following fact. 
(*) Let W, Z be compact Hausdorff spaces, h :W ^ Z he continuous and 
C C V{W). If {h{C) I C e C} is a pairwise disjoint family, then 
/i(acc(C)) = acc(/i(C)). 

To see this, note that the fact h{acc{C)) C acc(/i(C)) holds even without 
assuming that W and Z are compact. Now, the sets h{acc (C)) and acc {h{C)) 
are closed, and it is easy to see that h{acc (C)) is dense in acc {h{C)). So these 
sets must be equal and hence (*) holds. 

Let A' C A and suppose that B = {y^ \ x G A'}, where yx G Ux for 
every x G A'. We show that acc (5) = acc (A'). For every x E A' let 
Wx E Lxf] f^^{yx)- Such a choice is possible since yx ^ Ux f{Lx). Let 
Ix G 1[Lx) be such that Wx G Ix- Then by the definition of Lx there is Zx G Ix 
such that f{zx) = x. Set M = {zx \ x G A'} and TV = {wx \ x G A'}. Then 
/(M) = A' and f{N) = B. Applying (*) to C := {{m}|m G M}, we conclude 
that (i) acc{A') = /(acc(M)). Similarly, (ii) acc{B) = /(acc(A^)). It is also 
clear that (iii) acc(M) = acc(A^). To see this let z G acc(M). Then, without 
loss of generality, there is a strictly increasing sequence {zxi \ i < fJ.} Q M 
which converges to z. This implies that {/a;. | z < ^} is a strictly increasing 
sequence converging to z, and so {wx^ \ i < fi} converges to z. That is, 
z G acc (N). We have shown that acc (M) C acc (A^), and the same argument 
proves that acc(A^) C acc(M). So (iii) holds. 

Prom (i) - (iii) it follows that acc (5) = acc (A'). 

We prove that if A' C A, then acc{{Ux \ x G A'}) C acc (A'). For x e A' 
let Vx = r\Ux). By (*), /(acc({K | x G A'})) = acc{{Ux \ x G A']). 
Let y G acc{{Ux \ x G A'}). So there is z G acc({Vi | x G A'}) such that 
y = f\z). There are a 1-1 sequence {xi\i < /u} C A' and a strictly monotonic 
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sequence {zi\i < /i} such that Zi G V^- and hmj<^ Zi = z. By the construction, 
Vx = f~^{Ux) C Lx, so for every i < fi there is Jj G X(L^.) such that G /j. 
Let G f^^ixi) n Jj. (The definition of the Lx's assures the existence 
of Wi). Since the /j's are pairwise disjoint and since Zi,Wi G /j, it follows 
that limi^^Wi = limi<^Zi. Hence limi^^Xi = limj<^ /(tUj) = limj<^ = 
f{z) = y. So ?/ G acc(A'). We have proved the following facts. 

(1) U A' (1 A and {i/x \ x G A'} is such that i/x G [4 for every x G A', then 
acc(yl') = acc{{yx \ x G ^4'}). 

(2) For every A' C A, acc({[4 | x G A'}) C acc(v4'). 

Facts (1) and (2) imply that {Ux | x G A} is a tight family. So A has a 
tight Hausdorff system. □ 

For a Hausdorff space X denote by Is {X) the set of isolated points of X 
and set T){X) = X — ls{X). Now define the a's derivative of X as follows. 
Do(X) = X, D,+i(X) = D(D„(X)) and Ds{X) = f]^^s^^{X) when 5 is a 
limit ordinal. Suppose now that X is a compact Hausdorff' space. The rank 
of X is the first ordinal a such that Dq,(X) is finite or perfect. (A set is 
perfect if it does not have isolated points in its relative topology). Denote 
the rank of X by rk(X). Define ker(X) = Di.k(x)+i(X) and call ker(X) 
the perfect kernel of X. Hence ker (X) is either the empty set or an infinite 
perfect set. It is easy to check that X is scattered iff ker(X) = 0. 

Let Clop (X) and Clsd (X) denote respectively the set of clopen sub- 
sets, and the set of closed subsets of a general Hausdorff space X and set 
Po(X) = {x G X I there is G Nbr(a:;) such that ls{U) = 0}. For a com- 
pact Hausdorff space define S{X) = {F G Clsd (ker (X)) | F is scattered} and 
f2{X) = sup({rk(F) I F G S{X)}). 

The proof of Theorem 11.21 is by way of contradiction. In the end of this 
section we assume that X is a counter-example to the theorem, and conclude 
that (21^*^"^)')"'" < |ker(X)|, which turns out to be a contradiction. The proof 
is divided to a series of subclaims, the first of which is the following statement 
about members X of Kcii ■ 
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2. If X is a CO space, then f2(X) is not attained by any member 
of 5(X). 

Let FeS{X) and ACIs(F) be such that D(F)=acc(A) = acc(Is(F)-A). 
Let {Ux I X e Is(-F)} be a Hausdorff system for Is(F) and define Fi — 
c\{F U U{t4 n ker (X) \ x eA}). The set Fi is called a fattening of F. The 
precise definition of a fattening is given below. 

Definition 2.3. Let X be a Hausdorff compact space, F e Fi e 

Clsd (ker (X)) and F C Fi. We call Fi a fattening of F if the following holds. 

(FI) Is(F) =Is(Fi)U(Is(F)nPo(Fi)). 

(F2) D(F) - acc(Is(Fi)) = acc (Is (F) n Po (Fi)). 

Proposition 2.4. // X is coUectionwise Hausdorff and compact and F e 
S{X), then F has a fattening. 

Proof Let {^4 | x e Is(F)} and {Vy\y e Is(D(F))} be Hausdorff systems 
for Is(F) and Is(D(F)) respectively. For every y e Is(D(F)) let Ay be an 
infinite subset of Is (F) fl Vy such that (Is (F) fl Vy) — Ay is also infinite. Then 
acc{Ay) = acc ((Is (F) fl Vy) - Ay) = {y}. Let 

Fl = cl (f U U {Ux n ker (X) | x e U,.is(d(f))^.}) " 
It is left the reader to check that Fi is as required. □ 

Proposition 2.5. Let X be a coUectionwise Hausdorff CO space and E e 
S{X) — {0}. Suppose that rk(F) = a. Then for every n & uj there is 
F e S{X) such that \Ba{F) \ = n. 

Proof For a — the claim of the proposition follows from the fact that 
ker(X) is infinite, so we assume that a > 0. The proof is by induction 
on n. We may assume that |Da(F)| = 1. Suppose that F e S{X) and 
|Da(F)| = n. We show that (*) there is G e S{X) such that 10^,(^)1 = 2n. 
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Let if be a fattening of F, let H e Clop {X) and ip be such that ip : H ^ H. 
Set = cl(Is(F) n Po(^)) and = v{H^)- Clearly, 

= D(cl(Is(F) nPo(^))) = acc(Is(F) nPo(^)), 

and by (F2), 

acc(Is(F) nPo(^)) = acc(Is(#)). 

So 

D{H^) = acc(Is(^)). 
The same holds for and H, namely, 

= acc (Is (//)). 

Since H is clopen in X, it follows that Is (H) = Is (X) f] H. So 

i:>(i7°) =acc (Is (X)nff), 

and hence 

D(ii°) nPo(X) = 0. 

Let Kq be a clopen subset of X homeomorphic to ker(X). Then there 
is F° C Kq such that F° ^ F. We shall show that F° U is the set G 
required in (*). Since F° C Kq and Kq is open and perfect, we have that 
F° C Po(X). So D(//°) n F° = 0. This implies that i/^ n is a finite 
subset of Is(i7°), and hence 

(1) D (F° U H^) is the disjoint union of D (F°) and D {H^). 

We next show that 

(2) C ker(X). 

Recall that = cl (Is (F) n Po (^)). So Is (H^) = Is (F) n Po (H) and hence 
Is(#°) C Po(^). It follows that Is(^°) C kei{H), and this implies that 
cl(Is(^°)) C ker(^). But cl(Is(ijO)) = ^o, so C ker(^). Since if takes 
H to H and ^° to it follows that C ker(i/). So C ker(X). 
Now we show that 
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(3) |D„(//0)| = n. 

Clearly, B{H^) = acc(ls(^0)) = acc(Po(^) n Is(F)). By (F2), 
acc(Po(^) n Is(F)) = D(F). So B{H^) = D(F). Since a > 0, it fol- 
lows that Ba{H°) = D«(F). So \B^{H^)\ = \B^{H^)\ = |D«(F)| - n. We 
have proved (3). 

Recall that C Po{X). So 

(4) C ker(X). 

From (2) and (4) it follows that, U e S{X). Since ^ F, 
\Da{F^)\ = n. Hence by Facts (1) and (3), |D«(F° U H^)\ = 2n. D 

Any continuous image of a sequentially compact space is sequentially 
compact. So we have the following fact. 

Proposition 2.6. Every member of Ken is sequentially compact. 

For scattered spaces F and G define F^G, if either rk(F) < rk(G) or 
rk(F) = rk(G') and |Di.k(p')(F)| < \D r]^(^p){G)\. Let X be a Hausdorff space. 
We say that X is strongly Hausdorff for convergent sequences if every 1-1 
convergent sequence in X has a strong Hausdorff system. 

Proposition 2.7. Let X be a sequentially compact space which is strongly 
Hausdorff for convergent sequences. Suppose that Fq^Fi^ ... is a sequence 
of members of S{X). Then there is F & ^{^) such that Fi^F for every 
i & CO. 

Proof We may assume that |Di.k(Fi)(-^i)| ^ i- More precisely, there is a 
subsequence {mi \ i E u} and for every i there is a closed subset F^ C Fj^ 
with the property that Fj-<Fj+i and \D^^^p^^{Fi)\ > i for every i E uj. To 
see this we distinguish between the cases: (i) {rk(Fj) | i G uj} is eventually 
constant, and (ii) {rk(Fj) | i e a;} is not eventually constant. If (i) happens 
we define Fi = Fi^n^, where no is such that for every i,j > uq, rk(Fj) = 
rk(Fj). Suppose that (ii) happens. Then we take a subsequence {mi}i^^ 
such that for every i, rk(Fj„.^J > rk{F^.) + 1. Let {ctj \ i E lu} he such that 
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liiiij ctj = limjrk(Fj) and for every i, rk(FmJ < cij < rk(Fm.^J. Let Fj be a 
closed subset of such that |Da^)(Fj)| = z. Hence {Fj | z G oj} is as desired. 

It follows that there is a 1-1 sequence {xi | i G such that Xj G 
-^rk(F)(-^«) every i & u. We may assume that {xj} is a convergent 
sequence. So by the sequential strong Hausdorff property of X, {xjjjg^ 
has a strong Hausdorff system {Ui]i^uj- Let F = cl(|J.g^Fj fl Ui). Let 
X = limjgi^Xj and a = Supjg^rk(Fj). It easy to see that Dq(F) = {x} and 
clearly, F C S{X). So for every i G cj, Fj-^ F^+i-^ F. □ 

Corollary 2.8. Le^ X be a CO space with a nonempty kernel. Suppose 
also that X is collectionwise Hausdorff, strongly Hausdorff' for convergent 
sequences and sequentially compact. Then for every F G S{X), rk(F) < 
f2{X). 

Proof Suppose by contradiction that F G S{X) and rk(F) = By 
Proposition 12.51 there is a sequence Fi,F2,... of members of S{X) such 
that |D^2(x)(Fj)| = i. By Proposition \2.7\ there is H & <SiX) such that 
rk(if) > n{X). A contradiction, so rk(F) < f2{X) for every F G S{X). □ 

If ker (X) 7^ and rk(F) < n{X) for every F G 5(X), then we say that 
[2{X) is not attained in X. 

We next define the notion of a good point and prove the following state- 
ment for non-scattered members X of Kqh ■ 

3. If fi(X) is not attained in X, then the set of good points of X is 
perfect. 

Let X be a compact Hausdorff space. A member x G X is called a good point 
of X if for every a < i7(X) and U G Nbr(x) there is F G S{X) such that 
Dq,(F) n [/ 7^ 0. Note that if [2{X) is not attained, then it is a limit ordinal. 

We shall show that if f2{X) is not attained, then the set of good points is 
a nonempty perfect set. The existence of a good point is a trivial consequence 
of the compactness of X. It is also trivial that the set of good points is closed. 
So we have the following fact. 
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Proposition 2.9. Let X be a compact Hausdorff space with a nonempty 
kernel. Then the set of good points of X is closed and nonempty. 



The following proposition is well-known and easy to prove. Recall that 
according to our definition of scatterednes, a scattered space is compact 
Hausdorff. 

Proposition 2.10. Let Y be a scattered space, X be a Hausdorff space and 
g : Y ^ X be a continuous surjective function. Then X is scattered. 

There is another property of members of Kcii that we now establish. Let 
A be an infinite cardinal, A (1 X and x G X. Call x a X- accumulation point 
of Aii \ UnA\ = A for every U e Nbr (x). A linear ordering {L, <) is X-dense, 
if \L\ > 1 and for every a < b in L, \{a,b) \ = X. 

Proposition 2.11. (a) Let X be an infinite regular cardinal and {L, <) be a 

linear ordering of power X. Then either L has a subset of order type X or X* , 
or L has a X-dense subset. 

(b) Let a be a successor ordinal equipped with its order topology and 
g : a ^ X be a continuous surjective function. Then \ls{X) \ — \X\. 

(c) Let X e Kcii . Suppose that A C. X and X:=\A\ is an infinite regular 
cardinal. Then either there is B C. A such that \B\ — X, B is relatively 
discrete and c\{B) is scattered, or A has at least two X- accumulation points. 

Proof (a) Define an equivalence relation on L as follows: a ~ if the 
open interval whose endpoints are a and h has cardinality < A. If there is 
an equivalence class of cardinality A, then that equivalence class contains an 
increasing or decreasing sequence of type A. If every equivalence class has 
cardinality < A, then the chain of equivalence classes is A-dense. 



(b) For every x G Is(X) let j3x G g~^{x). Define B ^ {j3x\x & 
and C = c\{B). Then 



As X is a continuous image of a scattered space, X must be scattered. In 




5(cl(i?)) = cl(^(i?)). 
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particular, Is(X) is dense in X. So from (1) we conclude that g{C) = X. 
Either C or C minus its maximum have the same order type as B, so in 
particular, |C| = \B\. We thus have that |X| < |C| = \B\ = |Is(X)|. 

(c) Suppose that X, X and A are as in Part (c), and let {L,<) be a 
compact linear ordering and h : L ^ X he continuous and surjective. For 
every a G A let G h~^{a) and let M = {ia \ a G A}. By Part (a), either (i) 
M contains an increasing or decreasing sequence of type A or (ii) M contains a 
A-dense subset. Assume first that (i) happens. We may then assume that M 
is an increasing sequence of type A. Let = cl^(M). Then A is a compact 
interval space, and N is scattered. Let C = h{N). By Proposition 12.101 C 
is a scattered space. If b & C — A, then there is n G cl (M) — M such that 
h{n) = b. Hence since h\M is 1-1, be acc{A). It follows that Is(C) C A. 
By Part (b), |Is(C)| = A. Hence Is(C) is a relatively discrete subset of A 
of cardinality A and its closure is scattered. That is, B := Is(C) fulfills the 
requirements of the proposition. 

Suppose next that (ii) happens. We may assume that M is A-dense. It 
is trivial that if n G acc(M), then n is a A-accumulation point of M. Since 
h\M is 1-1, h{n) is then a A-accumulation point of h{M) = A. We have 
thus verified that 

(1) for every n G acc(M), h{n) is a A-accumulation point of A. 

Next we notice that 

(2) acc{A) C /i(acc(M)). 

LetaGacc(A). Set A' = A-{a} &nd M' = M - h-\{a}) . Then h{M') = A' 
and hence c\{A') = h{c\{M')). Clearly, a G acc(yl') C c\{A') and thus 
a G /i(cl(M')). But a ^ h{M'). So a G /i(acc(M')) C /i(acc(M)). 

It follows from (1) and (2) that every accumulation point of A is a A- 
accumulation point. If A has at least two accumulation points, then the 
requirements of the proposition are fulfilled. Otherwise A has exactly one 
accumulation point, which means that cl{A) is homeomorphic to the one 
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point compactification of a discrete space of cardinality A. If this happens, 
then A — ace (A) is relatively discrete and d{A — acc{A)) is scattered. So 
the requirements of the proposition are again fulfilled. □ 

For a compact Hausdorff space X, let Good(X) denote the set of good 
points of X. If X is a scattered space and x & X, then the rank of x in X 
is defined to be max ({a | x G Da{X)}). The rank of x in X is denoted by 
rk^(x). Note that if F G Nbr^(a;), then rk^(a;) = rk^(x). 

Proposition 2.12. Let X be a strongly Hausdorff compact space. Suppose 
also that 

{*) for every AO X , if X:= \ A\ is an infinite regular cardinal, then either 
A has at least two X- accumulation points, or there is B C A such that 
\B\ = X, B is relatively discrete and cl{B) is scattered. 

Assume further that ker(X) 7^ and that i?(X) is not attained. Then 
Good(X) is a nonempty perfect set. 

Proof By Proposition 12. 9[ Good(X) 7^ 0. So suppose by contradiction 
that a; is a good point of X, U' G Nbr(z) and Good(X) r\U' = {x}. Let 
U G Nbr(2;) be such that cl(f/) C U' . Since Q{X) is not attained, Q{X) is 
a limit ordinal. Let A = cf(i?(X)) and {ctj | i < A} be a strictly increasing 
sequence of ordinals converging to Q{X). For every i < X let Fj G S{X) be 
such that rk(Fj) = and Fj C U and choose Xi G Dq,. (Fj). It may happen 
that \{xi I i < A}| < A. In that case we show that {xi \ i < X} can be replaced 
by another sequence {x[ \ i < X} such that \{x[ | « < A}| = A. So suppose 
that \{xi I z < A}| < A. Then by taking a subsequence we may assume that 
Xi = Xj for every i,j < X. Then Xq is a good point, and since x is the only 
good point in U, xq = x. For every i < A let G Doi(Fj+i) — Da.+i(Fj+i). 
So x'i 7^ Xj+i = X. It therefore follows from the above argument that for 
every i, \{j \ x'j = x'^\ < X. So |{x^ | z < A}| = A. We may thus assume 
that {xi I i < A} is 1-L We apply (*) to A:={xi \ i < A}. Every A- 
accumulation point of ^4 is a good point and it belongs to U'. So since 
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|f/n Good (X) I = 1, it follows that A has at most one A-accumulation point. 
So by (*) there is B (1 A such that \B\ = X, B is relatively discrete and 
c\{B) is scattered. Let B = {xjQ) \ j < \} and U = {Uj | j < A} be a 
strong Hausdorff system for B. We may assume that cl([/,) fl cl = 
for every j ^ j'. For every j < X define Fj = Fj(j) fl cl (Uj) and define 
F = d{[Jj^-)^Fj). Clearly F C ker(X). Also, since c\{B) is scattered and 14 
is a strong Hausdorff system, it follows that F is scattered. So F G S{X). 
For every j < A, ik^ {xi(j)) = ik^^ (xi^j)) = rk'^''^' = ai^j). It follows 
that rk(F) > i?(X). A contradiction to the non-attainment of i?(X). □ 

4. Sets which code ordinals. 

We shall define the notion of a code of an ordinal. Codes are certain com- 
pact Hausdorff spaces which code ordinals. Two other notions are to be 
defined: the "perfect end" of a compact Hausdorff space F - this is a cer- 
tain nonempty closed subset of F, and the notion of a "demonstrative subset" 
of a compact Hausdorff space X. Two facts about codes are important: 

• If F and H are codes for two different ordinals, x belongs to the perfect 
end of F, and U G Nbr(a;), then U is not homeomorphic to any open 
subset of H, (Proposition 12.171 ). 

• li X e Ken, ker(X) ^ 0, n{X) is not attained and < a < n{X), 
then any neighborhood of a member of Good(X) contains a demon- 
strative set which is an [a + l)-code, (Lemma I2.20p . 

We first verify the following property of members of Kcu ■ 

Proposition 2.13. Let X G Kcu ond A (1 X be relatively discrete. Suppose 
that cl (A) is not scattered. Then there is B C A such that 

acc(S) = ker(cl(v4)). 

Proof Let (L, <) be a linear ordering and g : L X he continuous and 
surjective. For every a E A let ia & g'^i^a) and define Lq = cl{{ia \ a G A}) 
and go = g\Lo. So go : Lq ^ c\{A) and go^{A) is topologically dense in Lq. 
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We may thus assume that g : L ^ and g~^{A) is topologically dense 

in L. 

Let U — L— 5'~^(ker (cl {A))). Then U is an open subset of L. Let X be the 
partition of U into maximal convex subsets of L. Then every member of X is 
an open interval of L. Since g~^{A) is topologically dense in L, g''^{A)nl ^ 
for every I e X. Choose rrii e I (1 g~^{A) and set M — {mi \ I E X} and 
B = g(M). Clearly, acc(M) n C/ = 0. So cl(M) C M U ^-^(ker (cl (A))). 
Since L is compact, 5(cl(M)) = d{B). Hence cl(5) C BUker (cl (A)). Since 
acc(S) n S = 0, it follows that acc(B) C ker(cl(A)). 

Let X e ker(cl(A)), and assume by contradiction that x ^ acc{B). Since 
A is relatively discrete, we have x ^ A, and in particular, x ^ B. So 
X ^ cl{B). This implies that g'^ix) fl acc(M) = 0. Then every y e g~^{x) 
has an open neighborhood Wy such that {I E X \ I (1 Wy ^ 0} is finite. Note 
that g~^{-A) — \]X. So (J T is dense in L. Using the facts that \}X 
dense in L and that y ^ (J X we conclude that there are lyiJy G X such that y 
is the right endpoint of ly and the left endpoint of Jy. Let Vy — IyU {y} U Jy. 
Define V — U{^|y ^ fl'~^(^)}- Since g~^{x) C y and L is compact, it follows 
that g{y) is a neighborhood of a; . But V C (L-5r~^(ker (cl(A))))U^~^(a;), so 
g'(y)nker(cl(v4)) = {x}. This means that x is an isolated point of ker (cl(^)), 
a contradiction. It follows that x e acc(5), so ker(cl(A)) C acc(S). □ 

Proposition 2.14. Let X be a compact H aus dor ff perfect space. Then there 
is a relatively discrete subset A C X such that cl{A) contains a nonempty 
perfect set. 

Proof We show that [0, 1] is a continuous image of X. If X is not 
0-dimensional let x,y be two distinct points in the same connected com- 
ponent of X and 5' : X ^ [0, 1] be a continuous function such that g{x) — 
and g{y) — 1. Then Rng(5') = [0, 1]. li X is 0-dimensional and perfect, then 
the Cantor set is a continuous image of X and [0, 1] is a continuous image of 
the Cantor set. So there is a continuous surjective g from X to [0, 1]. 
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Let B C [0, 1] be a relatively discrete set such that cl(-B) — B is perfect. 
For every h E B choose Xb G g^^{b) and define A = {xb \ b G B}. It follows 
from the relative discreteness of B that A is also relatively discrete. We have 
shown in Proposition 12.101 that a continuous image of a scattered space is 
scattered. As cl{B) is not scattered, cl(^) cannot be scattered. □ 

In order to define codes, we introduce the notion of the perfect derivative 
of a compact Hausdorff space X. For a compact Hausdorff space X define 

PD (X) :=X -Is (X) - Po (X), 

PDo(X):=X, PD„+i(X):=PD(PD,(X)) 
and if (5 is a limit ordinal, then define 

PD,(X):= n„<5PD„(X). 

The perfect rank of X is defined by prk(X) = max ({a | PD^iX) ^ 0}) and 
the perfect end is defined by Pend(X) = PD pi.k(x)(-'^)- Note that Pend(X) 
is the union of a finite set of isolated points and a perfect set. Each may be 
empty but not both. 

For X E X, the property: "a; belongs to PDa(X)" is a local property. 
This is expressed in the next observation which is trivial and is not proved. 

Proposition 2.15. Let Z be a compact Hausdorff space. Suppose that 
U CG C Z,U IS open and G is closed. Then U n PD„(G) = Un PD«(Z) 
for every ordinal a. 

Definition 2.16. Let a > 2. A compact Hausdorff space F is called an 
a-code if 

(CI) prk(F) = a, 

(C2) Po(PD^(F)) = for every < p < a, 
(C3) Pend(F) is perfect. 

A set which is an a-code for some ordinal a, is called a code. ■ 
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Proposition 2.17. Suppose that F is an a-code, H is a P-code and a ^ 13. 
If X E Pend(F), then there are no U E Nbr'^(x) and V G such that 
U^V. 

Proof Suppose by contradiction tliat F is an a-code, H is a /3-code, a ^ (3 
and tliere are x G Pend(F), U' G Nbr^(a;), V G and sucli tliat 
if : U' = V' . Note tliat by tlie definition of codes, a > 1. Let U be an open 
subset of U' such that Fi := c\{U) C U' , and set V = ip{U) and Hi = (fiFi). 
Note that Pend(F) = PDq,(F) and hence PDa(F) is a nonempty perfect set. 
By Proposition Eia PD„(Fi) nU = PD«(F) n U. So PD„(Fi) n ^ and 
PDQ,(i^i) n U has no isloated points. Now, since (f \ Fi is a homeomorphism 
between Fi and Hi which takes U to V, we have that PDa{Hi) (1 V = 
(/?(PDa(Fi) nU). It follows that 

(t) Po(PD,(/7i)ny) ^0. 

By Proposition EIISl FDa{Hi)nV = FBaiH) n V. The only ordinal 7 > 1 
for which Po(PD^(i^)) is nonempty is f3 but a > 1, and is different from 
p. So Po {PD a{Hi) n F) = 0. This contradicts (f), hence the Proposition is 
proved. □ 

Definition 2.18. Let i? be a limit ordinal and F be a compact Hausdorff 
space. We say that F is f2 -demonstrative if 

(Dl) i?(F) = i? and i? is not attained in F, 
(D2) Pend(F) C Good(F). 

■ 

In the next lemma we use the following properties of members of i^cii- 
(THl) X is tightly Hausdorff. 

(TH2) For every relatively discrete subset A of X, if cl (A) is not scattered, 
then there is B <0 A such that acc(i?) is a nonempty perfect set. 
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(TH3) For every A ^ X, ii X:=\A\ is an infinite regular cardinal, then 
either A has at least two A-accumulation points, or there is S C A 
such that \B\ = X, B is relatively discrete and c\{B) is scattered. 

Observe the following fact. 

Proposition 2.19. For any of the properties (THl ) - (TH3), if Y is a closed 
subspace of a space having the property, then Y has the same property. 

We shall later use two other properties of members of Kqu ■ 

• X is sequentially compact. 

This property is used in showing that f2{X) is not attained - a fact which is 
assumed in the next lemma. See Proposition 12.71 and Corollary 12.81 Another 
(and last) property to be used is 

• For every infinite cardinal A and a closed subset F C X: if \F\ = 2'^^, 
then there is a scattered subspace H (1 F such that \H\ = A"*". 

This is proved in Proposition I2.28[ and it is used at the end of the proof of 
Theorem 11.21 where it is shown that |Good(X)| cannot be much larger than 

Let Kth be the class of all compact Hausdorff spaces that have Proper- 
ties (THl) - (TH3). Note that by Lemma [2. 2^ Proposition 12. 131 and Proposi- 
tion [2121 Kcu C Kth- 

Lemma 2.20. Let X G i^TH ■ Suppose that kei{X) ^ and that f]{X) 
is not attained in X. Let g G Good(X) and V G Nbr((5(). Then for every 
a G f2{X) — {0}, V contains an Q{X)- demonstrative {a + l)-code. 

Proof Let if be a closed neighborhood of g such that H (1 V. Clearly, we 
may replace V by H. Also, H G i^TH (this follows from 12. 191) . ker(i/) ^ 0, 
Q{H) = i?(X), and thus Q{H) is not attained in H . So we may replace H 
by X and prove that X contains an i?(X)-demonstrative (a + l)-code. 
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Property (TH3) is just (*) of Proposition 12.121 and (THl) is stronger 
than being strongly Hausdorff . So 12.121 implies that Good {X) is a nonempty 
perfect set. 

By Proposition 12.141 there is a relatively discrete subset A C Good(X) 
such that cl(y4) contains a nonempty perfect set, and by (TH2) we may 
assume that acc (A) is perfect and nonempty. 

By (THl), A has a tight Hausdorff system U = {Ua \ a E A}. For every 
a G A let Fa be a subset of Ua such that Fa is compact and scattered, a ^ Fa 
and rk(Fa) = a. The existence of Fa is assured by the goodness of a. Also, 
choose a closed neighborhood H'^ of a such that H'^ C Ua and H'^n Fa = 0, 
and define Ha = H'^nker (X). Set S = IJaeA and T = IJ^g^ -f^a and define 
C = cl(S'UT). We shall show that C is an i?(X)-demonstrative (a + l)-code. 

We start with the fact that C is a code. Clearly, 

(1) Fa, Ha G Clop (C) for every a e A. 

Since U is tight and Fa U Ha C Ua for every a G A, it follows that 

(2) acc ({Fa U Ha \ a e A}) = acc({Fa \ a e A}) = acc {{Ha \ a e A}) = 
acc (A). 

Also recall that 

(3) acc (A) is perfect, 
and 

(4) Fa is scattered with rank a and Ha is perfect. 
From (2) and the tightness of U it follows that 

^=(aeA^a)U(UaeA^a)UaCc(A), 

and Facts (1) - (4) imply that Po (C) = {JaeA^a and that Is (C) = [Ja&A^^ W- 
It thus follows that 

PD(C) = (aeADra)Uacc(A). 
From the tightness of U and Fact (4) it now follows that 
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(5) for every < P < a, PD ^{C) = (Uga D/3(Fa)) U acc(A) and 
PD,,+i(C) = acc(A). 

Since acc(74) is perfect, we conclude that PDq,+2(C) = and hence 
(i) prk(C) = a + 1. From the first part of (5) and from (4) and (1) it 
follows that (ii) for every < P < a + l, Fo(PD /3(C)) = 0. Finally, from the 
second part of (5) and from (i) we have (iii) Pend(C) = PDo,+i(C) = acc(yl), 
and from (3) we conclude that (iv) Pend(C) is perfect. Facts (i), (ii) and 
(iv) arc Clauses (C1)-(C3) in the definition of an (a + l)-code. We have 
thus proved that C is an (a + l)-code. 

We show that C is i7(X) -demonstrative. Let a E A, then Ha is the 
intersection of a closed neighborhood of a with kcr(X). Since a G Good(X), 
it follows that ^{Ha) = ^{X), and that a E Good{Ha). Since HaCCCX, 
we also have that Q{Ha) < 0{C) < Q{X). Hence Q{C) = f2{X), and since 
[2{X) is not attained in X, it is not attained in C. We have shown that 

f2{C) = f2{X) and f2{X) is not attained in C. 

That is, C fulfills Clause (Dl) in the definition of demonstrative sets. 

We have also shown above that for every a E A, a e Good(C). That 
is, A C Good(C). In Fact (iii) we proved that Pend(C) = acc{A). So 
Pend((7) C acc(Good(C7)). Since Good((7) is closed, Pend(C) C Good(C). 
So Clause (D2) holds. We have shown that C is i7(X) -demonstrative. □ 

5. Coding subsets of Q(K) and proliferation systems. 

The assumption "X is a non-scattered CO space" is contradictory. To reach 
this contradiction, we show that |Good(X)| is much larger than |^?(X)|. 
First we code subsets of i?(X) by subsets of Good(X). This coding implies 
that I Good (X) I > 2^^^^^^. Next we code sets of subsets of i?(X) by subsets 
of Good(X). This leads to the conclusion that |Good(X)| > 22'"*''". We 
repeat this procedure twice more and then reach a contradiction. The above 
three steps use an identical argument which in the first case is applied to the 
set of a-codes, and in the second, to the set of codes of subsets of X2(X). 
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The notion which provides the unified argument is called a "proliferation 
system", and the conclusion of the iterated use of this argument is stated 
in Corollary I2.25[ It will be evident that for an any limit ordinal i? the 
set of ^^-demonstrative codes is a proliferation system, and that if X is a 
non-scattered CO space, then all these codes are realized in X. This makes 
Corollary 12.251 applicable to X. 

A pair X = {X, e) consisting of a topological space X and a point e G X is 
called a pointed space. Let V = {Xt\t E T} be an indexed family such that for 
every t E T, Xt is a class of pointed spaces closed under homeomorphisms. 
Then V is called a type system. By "closed under homeomorphisms" we 
mean that if {X, e) G Xt and is a homeomorphism between X and y, then 
(y, 93(e)) G Xt. Denote T by T-p and set X-p = IJ^^^A't. For t E T define 
Xt := {X I there is e E X such that {X, e) E Xt} and X-p := Uter '^t- 

Let X he a class of topological spaces and y be a topological space. We 
say that X occurs in Y if there is X (1 Y such that X E X. We say that a 
class X of pointed spaces occurs in Y if there are X C Y and e G X such 
that {X, e) G ^. 

Definition 2.21. (a) A type system V = {Xt 1 1 G T} is called a proliferation 
system (P-system) if the following hold. 
(PI) T is infinite and every member of X-p is compact Hausdorff. 

(P2) Suppose that s^t E T are distinct, {F,d) E Xg, H E Xt and 
V E Nbr^(rf). Then there is no U E such that V = U. 

(P3) For every (F, d) E Xp,V E Nbr-^(rf) and t G T there is Y E Xt such 
that Y CV. 

Note the definition of a proliferation system does not exclude the possibility 
that for every t E Tp, Xt = ^. However, by (P3), if for some t E Tp, Xt ^ ^, 
then for all tETp, Xt^(lS. 

(b) Let V he a P-system and X be a compact Hausdorff space. We say 
that V occurs in X if Xp occurs in X. 
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(c) Let V ^ {Xt\t e T} he & P-system and 7^ T C Tp. A pointed 
compact Hausdorff space {F, d) is called a F -marker if there is a family T of 
subsets of F and {dp' \ F' e T} such that 

(Ml) :rcciop(F), 

(M2) JF is a tight family, 

(M3) for every F' e J^, (F', dp,) e Uter 

(M4) for every V e Nbr {d) and f e T there is F' e n such that 

(M5) F = cl(U^). 

^ is called a /i//er for (F, 0?) . 

(c) Denote the powerset of a set A by P(A). Suppose that P = {Xt\t £ T} 
is a P-system. For every F e P(r) — {0} define 

M^r = {{X, d) I {X, d) is a T-marker}. 

For r C P(T) - {0} define 

Ql = {MP I r e r}. 

■ 

In general Qp, need not be a P-system, but we shall see that if F is an 
infinite set of pairwise incomparable subsets of T with the same cardinality, 
then is a P-system. 

Proposition 2.22. (a) Let V he a P-system and r,A E PiTp) - {0}, and 
assume that F <^ A. Suppose that {F,d) and {H,e) are respectively a F- 
marker and a A-marker. Fhen there do not exist U e Nbr^((i) and V E 
such that U = V. 

(b) Let V be a P-system and F C P{Fp) — {0} be infinite. Suppose that 
for every distinct F,A eT, \F\ = \ A\ and F A. Fhen is a P-system. 
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Proof (a) Let F, A, (F, d) and (if, e) be as specified in (a). Suppose by way 
of contradiction that there are U e Nbr^(d) and V e t" such that U^V. 
We may assume that U ^V. So for every A Q U , \ A ^ \ A ^ \ A, 
and A is open in F iff is open in [/ iff A is open in H. 

Let T and 'H be fillers for (F, d) and (i/, e) respectively. Let t & F — A. 
Let F' e a; n ^ be such that dp' e and Fq = F' n C/. So c/p/ e Fq, and 
since F' is open in F, it follows that Fq is open in U, and hence in H. That 
is, Fq e Nbr^((iF/). Suppose by contradiction that dp' G (JTY. Let H' e H 
be such that dp/ e if'. There is s e Zl such that H' e Xg- Then s t. Since 
if' is open in H, we have that H' fl Fq is open in H, and hence it is open in 
F. This implies that H' fl Fq is open in F'. Hence 

H'nFoe mr^'idp'). 

On the other hand, 

H' n Fq is open in H'. 

Recall that (F', dpi) G A't and that H' e A'^. The last four mentioned facts 
contradict Property (P2) of V. 

It follows that dp' E H — [jTi.. Since every member of Ti. is clopen in H, 
dp, e H-[j{c\"{H')\H' e n}. Now, d"([jn) = H, hence dp, e acc"{n). 
From the tightness of Ti. it follows that dp, G SiCC^{{dH' \ H' G Ti}. Recall 
that Fo G Woi"{dp,). So there is H' e H such that d^/ G Fq. Clearly, 
Fq n H' is open in H' and hence 

i/'nFo G mr^'{dH'). 

H' n Fq is open in H and it is a subset of U. So it is open in F. It follows 
that 

H' n Fo is open in F'. 

There is s ^ t, such that {H'^du') G A'^, and on the other hand, F' G Xf 
These facts contradict Property (P2) of V. This proves (a). 
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(b) Denote by Q. So Tq = T and for every T e T, = A4r- By 
definition, every T-marker is compact Hausdorff. So every member of Xq is 
compact Hausdorff. Since also, T is infinite, Q fulfills (PI). 

That Q fulfills (P2), was indeed proved in Part (a). 

We prove (P3). Let {F,d) e Xq and AeT. There is T e T such that 
{F,d) e Xr. Suppose that is a filler for Let / : T ^ Zi be a 

bijection. II F' & T n Xt, choose Hp' C F' such that Hp' £ A/(t) and define 
n = {Hp' I F' e JT} and H ^ d{{jn). That i/^/ exists follows from (P3) 
applied to V. The tightness of T imphes that d e cl(U7Y). It now follows 
trivially from the definition of H and H that {H, d) E X^. So Q fulfills (P3). 

□ 

Note that if P is a P-system and V occurs in X, then for every t ET-p, Xf 
occurs in X. This follows from (P3). Suppose that X is a tightly Hausdorff 
compact CO space and P is a P-system occurring in X. We shall show that 
M.^ occurs in X for every F e P(2p) — {0}. In order to show this, we first 
estabhsh the existence of so-called //-special {t}-markers. 

Let X be a topological space, A C X, x E X and // be an infinite 
cardinal. Denote the set of /x- accumulation points of A in X by acc^(A). 
We use acc^(A) as an abbreviation of the above. Let be a P-system, 
t E T-p and (F, e) be a {i}-marker with a filler J^. For every F' E T 
choose tp' such that {F' , ep>) E Xf We call {F, e) a ji-special {t}-marker if 
e E acc^({eF' | F' E T}). 

Proposition 2.23. Let X be a compact Hausdorff CO space and V be a 

P-system such that V occurs in X . 

(a) There is a set {{Gt,gt) \ t E T-p} such that 

(1) for every distinct s,t E T-p, gg ^ gt, 

(2) for every t G Tj,, {Gt, gt) E Xt and Gt C X, 

(3) {gt\t E T-p} is relatively discrete. 
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(b) Suppose that in addition to the above, X is tightly Hausdorff. Then 
for every t & T-p there is K C. X and c & K such that {K, c) is a \T-p\-special 
{t} -marker. 

Proof Suppose that V = {Xt\t eT}. 

(a) Let {F,d) e X-p be such that F CX. By (P3), for every t E T there 
is {Ht, Ct) E Xt such that Ht C F. Let Gt be a clopen subset of X homeo- 
morphic to Ht and let gt E Gt be the image of et under the homeomorphism 
between Ht and Gt- Suppose by way of contradiction that for some distinct 
s,tET,gsE Gf Then G.nGt E Nbr ^= (g^) and n Gt is open in Gt- This 
contradicts (P2), so for every distinct s,t E T, gs ^ Gt- We thus have that 
for every t E T, Gt is open and Gt Ci {gs \ s E T} = {gt}- This means that 
{gt 1 1 e T} is relatively discrete and that for every distinct s,t E T, gg gt- 
So {{Gt,gt} 1 1 G T} is as required. 

(b) Denote /i = \T\ and let A = {gt \ t E T} he as assured in (a). So A 
is relatively discrete, |v4| = and for every a E A there is G C X such that 
(G, a) E X-p- It is trivial that in a compact space every set of cardinality 
has a /X- accumulation point. So let c be a //-accumulation point of A- 

Fix t E T- We construct a set K C X such that {K, c) is a {t}-marker. 
Let {Ua \ a E A} he a. tight Hausdorff system for A. li a E A, then for 
some s E T, a = gs- Since gg E Gg and {Gs,gs) G Xg, we may apply (P3) to 
{Gg, gg)- Now, Ua E Nbr {gg), so there is {Ea, e^) E Xt such that E„ C ^/^flG^. 
Let E — {Ea I a E A}. Define K — cl(|J£^). In the definition of a T-marker 
we need to have a choice function {dp' \ F' E JF}. So define ds^ to be Ca for 
every a E A- It follows trivially from the construction that (Ml) - (M5) hold 
for {K, c), £, {ca \a E A} and {t}- That is, {K, c) is a {t}-marker. Recall that 
c was chosen to be a /u-accumulation point of A- Since {Ua \ a E A} is & tight 
family, and a, E Ua for every a E A/\i follows that c is a //-accumulation 
point of {ta I a E A}- This assures that {K, c) is //-special. □ 

Lemma 2.24. Let X be a tightly Hausdorff' compact CO space and V be a 
P-system such that V occurs in X. Then for every F E P{T-p) — {0}, there 
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are H C X and c E H such that {H, c) is a F -marker. 

Proof Let V = {Xt\t eT} and denote \T\ by /i. Choose a countable subset 
To of T, and for every t E Tq let {Kt, Ct) be a /i-special {t}-marker such that 
Kt is a clopen subset of X. The existence of a ^-special {Kt,Ct) was proved 
in Proposition 12.23( b) . and that Kt may be a clopen set follows from the fact 
that X is a CO space. 

Let t G Tq. Since {Kt, Ct) is /x-special, there are a filler JF^ for (Xti Ct) and 
a set {ci?' I F' G J?-t} such that 

(1) for every F' G J't, {F', Cp,) G ^t, 

(2) Ct G acc^({e^. | F' G J^^}). 

By Proposition 12.22( a). for every distinct s,t G Tq) Cg ^ i^j. This implies 
that {cj I t G To} is infinite and relatively discrete. For every t E Fq choose 
Vt G Nbr (q) in such a way that 

(3) {Vt I t G To} is a tight Hausdorff system for {q | t G To}. 

Define J"/ = {F' G J^t | ep' G Vt} and Ft = {cp' \ F' G J^t}- Also choose 
c G acc({ct I t G To}). So 

(4) cGacc({yt|teTo}). 

Let T G P(Tp) — {0}. We construct H such that (i?, c) is a T-marker. 
For every t G Tq let /t : JF^' ^ T be a surjection. Let t G To and F' G J-'^. 
Then G Nbr(ei?/). We use (P3) and the fact that {F',ep') G X-p in order 
to conclude that there are Hp/ and dpi such that 

(5) {Hp,, dp,) G and i/j./ C n F'. 

Let n = {Hp, \ t e To and T' G J^;}. For i/' = Hp, e H denote rfj.' 
by Define H = cl{[jT-C). We verify that {H,c) is a T-marker, that ?^ is 
a filler for (if, c) and that {6^' | H' G 7i} is the choice function required in 
the definition of a T-marker. 

That (Ml), (M3) and (M5) hold is trivial. We check that (M2) holds. We 
have to show that 7i is a tight family. For t G Tq set Tit = {Hp, \ F' G JF^'}. 
Then 
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(i) ^ = UeTo^*- 

(ii) For every t E Tq, Ht is a, tight family. 

That Ht is tight follows from the facts: J^j. is tight and Hp' C F' for every 
F' e J-;. By (5), 

(iii) H' C Ft for every t e To and H' eHt, 

(iv) {l^t 1 1 e To} is tight. 

Facts (i) - (iv) easily imply that Ti is tight. So Ti. satisfies (M2). 

Wc next verify (M4). Let s G /" and W G Nbr(c). For every t E Tq 
choose Fl G J-'l such that ft{Fl) = s. Set = Hpi and at = bj^o. So aj G Vt 
and {H^^Ut) G Xg. From the facts: 

• c is an accumulation point of {T4 | t G Tq}, 

• at & Vt for every t G Tq, 

• {Vt\te To} is tight, 

we conclude that c G acc ({at | t G To}). So there is to G To such that 
ato G Recall that {H^^,ato) ^ ^s- Also {H^^,ato) ^ T^- We have thus 
found H' en such that {H', hw) G and hw G W^. This shows that H, H 
and {hH' \H' en} fulfill (M4). □ 
Let X be a compact Hausdorff space and be a P-system. Define 

Endp(X) = {e G X I There is F C X such that {F, e) G Xp}, 

and Good-p(X) = cl (End-p(X)). For an infinite cardinal // set '^oifj) — A*, 
for every n e uj, n„+i(/x) = 2^"('^) and n^(//) = {j^^^lM- 

Corollary 2.25. Let X be a tightly Hausdorff compact CO space, V be a 
P-system and fi = \Tp\. IfV occurs in X , then |Good-p(X)| > ^^{fi). 

Proof We prove that |Good-p(X)| > ^^{fx). Denote V and T-p by Vq and 
To respectively. We define by induction a P-system Vn- Suppose that Vn 
has been defined. For simplicity, denote Vn by TZ and Tp^^ by T. We assume 
by induction that TZ occurs in X, that |T| = ^n(A*) and that Goodp„(X) C 
Goodp(X). Let P C P(T) be such that 
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(1) |r| = 2i^i, 

(2) for any distinct r,AeT, |r| = |T| and T g A. 

Then by Proposition 12.22( b). Vn+i '•= Qr^ is a P-system. Denote Vn+i by 
S. By the induction Hypothesis, TZ occurs in X, and hence by Lemma [2.241 
S occurs in X. Note that Tg = T. So \Ts\ = 21^1 By Proposition E^SKa), 
\Ends{X)\ > \Ts\ = 2l^l = n„+i(/i) and since Good5(X) D Ends{X), 

\Goods{X)\>nn+i{fi). 

By the definition of markers, End5(X) C Good7^(X). Since Good5(X) = 
cl(End5(X)) and Good7<^(X) is closed, it follows that Good5(X) C Good7^(X). 
Hence by the induction hypothesis, 

Good5(X) C Goodp(X). 

This concludes the inductive construction. 

Since for every n, Good75„(X) C Good-p(X) and |Good-p„(X)| > 
it follows that |Good-p(X)| > ^^(/i). □ 

We shall apply Corollary 12.251 to the class of all i?-demonstrative codes. To 
this end we show that this class forms a P-system. 
For a limit ordinal i? and a < i? define 

= {(-^) ^) \ ^ ^ Ktu, F is an ^^-demonstrative (a + l)-code 

and e G Pend(F)}. 

Now define = {X^ \ l<a<Q}. 

Proposition 2.26. If Q is a limit ordinal, then is a proliferation system. 

Proof By the definitions, fulfills (PI). That (P2) holds is proved in 
Proposition I2.17[ 

We prove (P3). Let {F^e) G . Then F is an i?-demonstrative (a + 1)- 
code and e G Pend(F). Let V G Nbr'^(e) and (3 < Q. By definition. 
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F E i^TH, ker(F) ^ 0, n{F) = Q and n{F) is not attained. By Clause (D2) 
of I2.18[ e G Good(F). So the assumptions of Lemma [2.201 are fulfilled by F, 
e and V . So by I2.20[ contains an i?-demonstrative (/3 + l)-code. □ 

6. The conclusion of the proof. 

We next see that if Q[X) is not attained, then occurs in X. 

Proposition 2.27. Let X G K^u be such that ker (X) ^ and is not 

attained. ThenV^'-^^ occurs in X and Goodp«(x)(X) C Good(X). 

Proof The fact "P^(^) occurs in X" is part of Lemma [220l Denote P^(^) 
by V. We verify that Goodp(X) C Good(X). Recall that by definition, 
Goodp(X) = cl(End-p(X)) and that Good(X) is closed. So it suffices to 
show that Endp(X) C Good(X). Let e G Endp(X). This means that 
there is F C X such that {F, e) G X-p. By the definition of V, we have 
that e G Pend(F), and from i7(X)-demonstrativeness of F it follows that 
e G Good(F). The fact n{F) = Q{X) implies that Good(F) C Good(X). 
So e G Good(X). That is, Endp(X) C Good(X) and hence Goodp(X) C 
Good(X). □ 

We need one last property of spaces which are a continuous image of a 
compact interval space. 

Proposition 2.28. Let X G i^cii ■ Then for every infinite cardinal A and a 
closed subset F C X : If \F\ > (2'^)+, then F contains a scattered subspace 
H such that \H\ = A+. 

Proof (a) A closed subspace of an interval space is an interval space. This 
implies that a closed subspace of a member of Kcii is a member of Kqii ■ 
So it suffices to show that if X G Kcu and |X| > (2^^)^, then X contains a 
scattered subspace H such that \H\ = A^. 

Let {L, <) be a compact linear ordering and g : L ^ X he continuous 
and surjective. There is A C L such that 1^41 = (2'^)'^ and g \ A is 1-1. By 
Erdos Rado Theorem, there is B (1 A such that B is order isomorphic to 
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A"*" or to the reverse ordering of A^. Let C = c\{B) and H = g{C). Then 
|C| = A"*". It is obvious that C is homeomorphic to A+ + 1 with is order 
topology, so C is scattered. Hence H = g{C) is scattered. Since g\B is 1-1 
and = A+, it follows that \H\ = X'^. So i^f is as desired. □ 

Let K be the class of all compact Hausdorff spaces X such that 

(1) XGi^TH. 

(2) X is sequentially compact. 

(3) For every infinite cardinal A and a closed subset F C X: If |-F| > (2'*')+, 
then F contains a scattered subspace H such that \H\ = A"*". 

The class Kqii is contained in K, and indeed, this has been already 
shown. So the following statement implies Theorem II. 2[ 

Theorem 2.29. For every X G K: if X is a CO space, then X is scattered. 

Proof Suppose by contradiction that X ^ K, X is a CO space and X is 
not scattered. Since X is tightly Hausdorff, it is coUectionwise Hausdorff and 
strongly Hausdorff for convergent sequences. X is also sequentially compact. 
Hence by Corollary 12. 8[ i7(X) is not attained in X. 

By Proposition [2:261 P^(^) is a P-system, and by [2:271 P^(^) occurs 
in X. 

Denote P^(^) by V and |^?(X)| by ^. Note that \T-p\ = fi. Then by 
Corollary [2251 |Goodp(X)| > ^^ifi) > p3(/i))+. By EM Goodp(X) C 
Good(X). Hence |Good(X)| > p3(/i))+. 

By Clause (3) in the definition of K, there is a scattered subspace F C 
Good(X) such that |F| = (D2(/i))^. From the scatteredness of F it follows 
that A:=ls{F) is dense in F. So if \A\ < /x, then |F| < 22{fi). It follows 
that \A\ > 

Since A is relatively discrete and X G -R'th , there is a tight Hausdorff 
system for A. Denote it hj U = {Ua \ a ^ A}. Let 7 : A ^ i7(X) be a 
surjection. Recall that A C F C Good(X). So for every a E A there is 
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Fa G S{X) such that F„ C and rk(F„) = 7(a). Let H = d(\J^^^Fa). 
Since {JaeA-^a ^ ker(X), it follows that H C ker(X). Also, it is easy to see 
that H is scattered and that rk(if) > i7(X). This contradicts the fact that 
i7(X) is not attained. □ 

Proof of Theorem 11.21 It suffices to check that Kqu C K. Let X G Kqu ■ 
By Lemma [2.21 X is tightly Hausdorff, that is, Clause (THl) of Xth is ful- 
filled by X. Clause (TH2) is implied by Proposition I2.13( and Clause (TH3) 
is implied by Proposition 12.121 By Proposition 12. 6[ X is sequentially com- 
pact, and Proposition 12.281 implies that X fulfills Clause (3) in the definition 
of K. So X eK. □ 



3 Orderability of continuous images of inter- 
val spaces 

In this section we consider the following question. Suppose that X is a 
continuous image of a compact interval space, and X is scattered. Is X an 
interval space? The answer to this question is in terms of obstructions. That 
is, we define a class of spaces O, and prove that X is an interval space iff X 
has no subspace homeomorphic to a member of O. 

For infinite cardinals k, A and we define the topological space X^^x,^i 
as follows. Xf^ x,fi is the quotient of the disjoint union of the interval spaces 
Av + 1, A + 1 and /i + 1, where the points n, A and are identified. Say that 
{k, a, /i) is a legal triple if k, A and /i are regular cardinals and X, fJ^ > ^^o• Let 
T = {Xf,^x,ii I {n, A, fi) is a legal triple}. 

Let A be an uncountable regular cardinal and 5" C A. Let fl : S On be 
such that /2(a) is an uncountable regular cardinal for every a G S". Denote 
ll{a) by /ia. Define the space X = Xx fi as follows. Let u = {—i — 1 | i G 
be the set of negative integers. The universe of X is 

(A + l)U(|J{a} X iiJa^uj)). 
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An open base B of the topology of X consists of the following sets. 

(1) For every a E S, a.n open set U <^ fia and a subset V of u, 
{a} xU,{a}xV e B. 

(2) Let W be an open subset of A+1 and a C WnS be finite. For every i E a 
let Fi be a closed subset of /ij + 1 not containing /ij and Gi be a finite 
subset of a). Then 

U UaeVKn5{«} X U cl;) - Ue JO x (F, U G,) G i3. 

Denote B by i^A,^. It is left to the reader to check that Xxp^ is compact. Let 
S = {Xx,fi I Dom(/i) is a stationary subset of A} and O = T U S U {Xit,-^}. 
(Recall that is the one point compactification of a discrete space of 
cardinality Ni). 

Theorem 3.1. Let X be a scattered continuous image of a compact interval 
space. Then X is an interval space iff no subset of X is homeomorphic to a 
member of O. 

Proposition 3.2. (a) Let X be a closed subspace of a scattered continuous 
image of a compact interval space. Then X is a continuous image of a 
compact interval space. 

(b) If X is a scattered continuous image of a compact interval space, then 
there is a 0-dimensional compact interval space Y such that X is a continuous 
image ofY . 

Proof (a) Suppose that X is a subspace of Y , and Y that is a continuous 
image of Z. Then the preimage of X in Z is a closed subset of Z, and thus 
it is an interval space. 

(b) Let (L, <) be a compact chain and / : L — > X be continuous and 
onto. Let L' = {0, 1} x L and <' be the lexicographic order of V . Then V is 
compact and 0-dimensional. Define f : L' ^ X hj f'{{i,a)) = f{a). Then 
/' is continuous and Rng(/') = X. D 

We need the following theorem from [B]. 
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Theorem 3.3. The following conditions are equivalent. 

(1) X is a scattered continuous image of a compact interval space. 

(2) There is a family {U^ \ x G X} of clopen subsets of X such that 

(2.1) For every xeX, {x} = D^^x^^^{U^). 

(2.2) For every x,y & X : if y & U^, then Uy C 11^. 

(2.3) For every x,y E X: if y ^ Ux and x ^ Uy, then Ux HUy = 0. 

Proof In [B] Theorem 1.5 it is proved that for every topological space X: 
X is a scattered continuous image of a compact 0-dimensional interval space, 
iff X satisfies Clause (2). But by Proposition 13.2( b). X is a scattered contin- 
uous image of a compact interval space iff X is a scattered continuous image 
of a compact 0-dimensional interval space. So Theorem 13.31 follows. □ 

Let U = {Ux \ X E X} be as in the above theorem. Then we call U a 
tree-like clopen system for X. It is easy to see that if X is scattered and 
compact and W is a tree-like clopen system for X, then U U {X — U\ U G W} 
is a subbase for the topology of X. Let X be a scattered compact space. We 
say that X is unitary if for some e G X, Drk(x)(-'^) = {e}- If ^ is unitary, 
then the above e is denoted by . Every scattered compact space X is a 
finite union of pairwise disjoint clopen sets U such that U is unitary and 
rk{U) = rk(X). 

It is clear that if X is a finite union of pairwise disjoint clopen sets which 
are interval spaces, then X is an interval space. 

Let {P, <) be a poset and x E P. We define P^^ = {y E P \ y < x). 
The sets P-^ etc. are defined analogously. Suppose that (L, <) is a linear 
ordering and a E L. We denote the cofinality of L^"" by cf^^^(a) and the 
coinitiality of L^"^ by cf ^ (a) . 

We shall also need the following well-known facts. 
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Proposition 3.4. Let X be a compact Hausdorff space and < be a partial 
ordering of X such that < is a closed subset of X x X . 

(a) If C ^ X is a chain, then C has a supremum and an infimum. 

(6) Suppose that X has the following property. (HI ) For every x,y & X : if 
X ^ y, then there are open sets U and V such that U is an initial segement of 
{X, <) and X & U , V is a final segment of {X, <) and y & V, and U (IV = 0. 
Then for every chain C C X, sup(C), inf (C7) G c\^{C). 

(c) Suppose that X satisfies (HI) and let C ^ X be a chain such that for 
every nonempty A ^ C, sup{A), inf (A) G C. Then C is closed in X , and the 
order topology of C coincides with the induced topology of C . 

Proof of Theorem 13.11 We first prove that an interval space does not have 
a subspace homeomorphic to a member of O. Since a closed subspace of 
an interval space is necessarily an interval space, it suffices to show that for 
every X G O, X is not an interval space. 

The proofs that X-^^ is not an interval space, and that for a legal triple 
(k, A,/i) the space X^^^x^^ is not an interval space are left to the reader. 

We show that a space of the type Xx fi, where Dom (/i) is stationary in A 
is not an interval space. 

So let Xa./j G S and suppose by way of contradiction that -< is a linear 
ordering of Xa,^ which induces the topology of Xa,^. Let S = Dom(/2) and 
denote jl{a) by Ha- Also denote Xa,^ by X. Let denote the linear 

ordering of the ordinals. For an ordinal a let r" be the order topology of 
{a, <°'" t a). Consider the sets (A + 1) n X^^ and (A + 1) n X^^. One of 
them must be of cardinality A and the other of cardinality < A. This is so 
since in the interval space (A + 1, t^^^) every two closed sets of cardinality A 
intersect in a set of cardinality A. So we may assume that |(A+ 1) nX-'*'| = A 
and |(A + 1) n X-^| < A. Hence for some ao < A, [ao, A]<°" C X-^. 

Let Xk^,7 G S and C C k be a club. Define X^,;? \ C as follows. 

X^^^\C = CVJ{k}VJ \J {a]x{V{a)VJu). 

a^SnC 
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Then for some V'^ Xi^^p \ C = -^k,;?' and Dom(i?') is stationary in k. So if 
Xi^^i; is counter-example, then X^^p \ C too is a counter-example. We may 
thus replace Xx^fi by Xxfi \ [cuo, A]^°° , and assume that A C X^^. 

We say that a e A is a bad if there is /? = <°'^ such that a ^ (3. 
Suppose by way of contradiction that the set B of bad points is stationary. 
Then the function taking every a e 5 to is constant on an unbounded 
set. Let 7 be this constant value. Then 7 >: A. A contradiction, so B is 
non-stationary. Let C be a club disjoint from B and Xq — X \ C. For some 
/I', Xq = Xx^pi and Dom(/I') is stationary in A. Replacing X by Xq, we may 
assume that [■ A = f A. 

Let q; e 5 be a limit ordinal. We show that there is 7q, G ^jl^ such 
that {a} X [7a,A*a) Q X^"'. The subspace Y — {a\ U ({a} x jia) of X is 
homeomorphic to {Ha+i-, r''«+i), and the subsets Ai := ({a} x nX-" and 
^2 := {{a} X //q,) n of Y have only one common point in their closures. 
So one of these sets must have cardinality and the other must have car- 
dinality < ^jLa- Suppose by contradiction that \A]\ — fj,^- Then Ai U 
is a closed subset of Y of cardinality Hence Ai U {//q} = Y. It follows 
that for every B C Ai: if \B\ — jia, then jia £ cl(B). This implies that 
cf((X^'^«,^t X^/^")) ^ Ha > ^0- The sets Ai and n X^^^" are closed 
unbounded subsets of and they are disjoint. A contradiction. So 

1^1 1 < A*a, and hence there is 7^ e /Xq such that {a} x [70, /la) Q X'^°'. 

Let q; e be a limit ordinal. It follows that cij'-^ ^^{a) — jia > ^o- 
However, {a} x a) is an a;-sequence converging to a. We conclude that 
{{a} X a)) n X^" is finite. Since -< and <*^° coincide on A, the subset a 
of X is cofinal in X^"^. So there are 7q < a and G {a\ x a) such that 
«a ^ 7a- Then a 1— > 7q, is a regressive function defined on a stationary 
subset of A. Let 7 be such that 7a = 7 for an unbounded set of a's. Denote 
this unbounded set by D. Then by the definition of the topology of X^,/:, 
A e acc({aQ, | a e D}). But ^ 7 ^ A for every o; e D. A contradiction. 
So X\^fi is not homeomorphic to an interval space. 
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We prove the other direction of the theorem by induction on rk {X) . The 
statement of the induction hypothesis requires some prepartion. 

Let X be a scattered continuous image of a compact interval space and 

— {Ux I X e X} be a tree-hke clopen system for X. For x^y e X define 
X <u y X E Uy. Clearly <ii is a partial ordering of X. We say that {X,U) 
is simple if {X, <u) has a maximum e", and there are an uncountable regular 
cardinal A and a strictly increasing sequence {xa | a < A} in {X, <u) such 

thatX-{e"} = Ua<At^x.- 

We shall prove by induction on a the following statement. 

(*)o. If X is a scattered continuous image of a compact interval space, 
rk(X) = a and no subspace of X is homeomorphic to a member of 
(9, then X is an interval space. If in addition, {X,V() is simple, then 
there is a linear ordering <x of X such that the order topology of <x 
is the topology of X and is the maximum of {X, <x)- 

Denote (*)<q = A^<a(*)/3- trivial that (*)o holds. We shall prove 
that if q; > 0, and for every {*)<a holds, then holds. 

A poset (P, <) is called a reverse tree if P^^ is a chain for every x E X. A 
subset D of a poset P is directed, if for every a,b E D there is c G .D such that 
a,b < c. We say that D is principal if for some d E P, D = P-'^. We say that 
D is generated hj A if D = {p E P \ there is a E A such that p < a}. For 
X E P wc set = {D | D is a maximal directed subset of P^^}. We leave it 
to the reader to check that if P is a reverse tree, x E P and Di, D2 E are 
distinct, then Di D D2 = 0. Also, if P is a reverse tree, x E P and D E 'Dx, 
then there is a chain which generates D. Let D E P^. If D has a maximum, 
then the cofinality of D is defined to be 1. Otherwise, there is imique regular 
cardinal u such that D is generated by a chain of type u. We denote this u 
by cf(D). A subset A of a poset P is unbounded, if there is no e P such 
that p > a for every a E A. 

Let X be a scattered continuous image of a compact interval space. Let 

— {Ux I X E X} be a tree-like clopen system for X. Clearly, {X, <u) is 
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a reverse tree. Note also that <u is a closed subset oi X X. This is so, 
since -^u = Uxex("^ ^ ^ ^^^^ -'^^ trivial that {X,t^,<i() satisfies 
Property (HI) from Proposition 13.41 The set of maximal points in (X, <u) 
is finite. Suppose otherwise. Let y be an accumulation point of the set 
of maximal points. Since Uy is a neighborhood of y it contains a maximal 
point z ^ y. But then z <u y. A contradiction. It follows that the set of 
maximal points is finite. Also, X = [J{Ux | x is a maximal point of X}. If 
is a clopen subset of X, then {V fl f4. | x G V} is a tree-hke clopen system 
for V. It follows that if X is a scattered continuous image of a compact 
interval space, then there are {Xi,Ui), . . . , {XnMn) such that { Xi, . . . , X„} 
is a partition of X into clopen sets, and (Xj, <Ui) has a maximum for every 
i < n. It is trivial that if X has a maximum e^, then X is unitary and that 
= e^. 

Claim 1 Let X be a scattered continuous image of a compact interval space 
such that no subspace of X is homeomorphic to a member of O. Let x G X. 
Then the following facts hold. 

(1) m < Ko- 

(2) If there are distinct Do,Di G such that cf{Do),cf{Di) > Ki, then 
T>x is finite and every member of T>x other than Do and Di has a 
maximum. 

Proof (1) The proof relies on the fact that X^^ is not embeddable in X. 
Let A ^ Ux he infinite, and assume that for every D G V^, \Ar\ D\ < 1. We 
show that A is discrete and that A U {x} is the one point compactification 
of A. If y,z & A are distinct, then z y. That is, z ^ Uy. So Uy is a 
neighborhod of y disjoint from A — {y}. We show that every neighborhood 
V of X contains all but finitely many members of A. We may assume that V 
has the form U^ — UyGo- where a is a finite subset of U^- If y E a, then 
y <w X and so \Uy fl v4| < 1. So A — 1/ is finite. Hence x G acc{A). Let 
y e X - {x}. We show that y ^ acc (A). If y ^ U^, then Uy fl U^ = 0. Hence 
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UynA = %. If 2/ G [/^, then \Uy nA\<l. So y ^ acc(A). We have shown 
that acc(y4) = {x}. So AU {x} is the one point compactification of A. Since 
X)^^ is not embeddable in X, \A\ < Kq, and since is a pairwise disjoint 
family, = Kq- 

(2) The proof rehes on the fact that no member of T is embeddable in 
X. Suppose that Do,Di e V,^, Dq ^ Di and cf (Do), cf (A) > Ki. For 
i = 0, 1 let i^j be a chain which generates Di and such that the order type 
of Ei is a regular cardinal Aj. We may assume that for every nonempty 
bounded B C E^, sup(-B) G Ei. Suppose by way of contradiction that 
is infinite. Since is a pairwise disjoint family, it follows that there is a 
countably infinite set A ^ such that 1^4 fl D| < 1 for every D E V^. 
We show that Y •.= AU EiU E2U {x} is homeomorphic to Xx„,Ai,A2- For 
i = 1,2, EiU {x} is a chain in X closed under infima and suprema. So by 
Proposition 13.4( c) . its induced topology coincides with its order topology. 
That is, {Ei U {x}, Ti) = Aj + 1. It is also clear that A U {x} with its induced 
topology is homeomorphic to ct; + 1. These facts imply that {Y,t^ \ Y) = 
^Ho,Xi,X2 G T. A contradiction. 

Suppose by contradiction that D G T>x — {Dq, Di} and D is nonprincipal. 
Let E be unbounded chain in D such that the order type of i? is a regular 
cardinal /i. We may assume that for every nonempty bounded B C E, 
sup (5) G E. Just as in the previous argument we conclude that E U EiU 
E2 U {x} = X^^XiM G A contradiction. We have proved Claim 1. 

Suppose that {*)<ao holds, and we prove {*)ao- Let X be a scattered 
continuous image of a compact interval space, suppose that rk(X) = ao, 
and that no subspace of X is homeomorphic to a member of O. Let U be 
a tree-like clopen system for X. Since X can be partitioned into finitely 
many clopen sets Xi with tree-hke systems Ui such that each {Xi, <u.) has a 
maximum, we may assume that X has a maximum. We deal separately with 
three cases. 

Case 1 Assume that {X — {e}, <i( \ {X — {e})) contains a chain C with 
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uncountable cofinality, such that X — {e} = IJaiGC -'^^ ^^"^^ ^ situation 
it is required that we prove that there is a hnear ordering <x of X which 
induces the topology of X and in which e = max((X, <x))- 

We may assume that C is order isomorphic to an uncountable regular 
cardinal A. We may further assume that for every nonempty bounded A C 
C, sup(A) G C. Obviously, C U {e} is order isomorphic to A + 1. So by 
proposition 13.41 the induced topology on C U {e} coincides with the order 
topology of C U {e}. So the order isomorphism between A + 1 and C U {e} 
is a homeomorphism. Let 

a ^ ?/a, a < A, 

be the isomorphism between A + 1 and C. 

Let Ja = U/3<a^(/3- We check that Ja U {ya} is closed. If a = /3 + 1, 
then Ja = Up. So Ja U {ya} is closed. Suppose a is a limit. Since Uy^ is 
closed, cl(Jci) C Uy^. Let x G Uy^ — Ja — {Ua}, Ux is an open neighborhood 
of X. Suppose by contradiction that Ja 0- Then for some /3 < a, 
Ux 7^ 0, and hence for every j > /3, x and y^ are comparable in <u. 
But X <u ya and hence x '^u Ua- Since ya = sup^"({?/^ | /? < 7 < a}), there 
is 5 < a such that x '^u Us- So x <u ys. So x E Us <^ Ja- A contradiction. 
Hence Ux^Up = 0. So Ja U {ya} is closed. 

Let a < A. We say that a is inconvenient (with respect to the sequence 
{Va I 01 < A}), if a is a limit ordinal, and there are an uncountable regular 
cardinal //q, and disjoint sets Ya,Za C Uy^ — Ja — {Ua} such that 

(1) Yai?> discrete, Ya U {ya} is homeomorphic to + 1, 

(2) Za is homeomorphic to Ha and Za U {^/a} is homeomorphic to Ha + 1- 
Let 5" be the set of inconvenient ordinals, /2 = {/ia | a G S"} and 

Y = {ya\a<\}u[jYaU[jZa. 

aeS aeS 

Claim 2 Y^Xx n- 
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Proof At first we verify that Y is closed. Let x e cl(F). Let a be the 
first ordinal such that x e Uy^. So x ^ Ja- Hence Ux is a neighborhood of x 
disjoint from Jq, U (X — Uy^). The complement of this set in X is Uy^ — J a 
and Y n {Uy^ - Jo) = {Va} U Fa U Z^. So x e cl U U Z^). But 
{yo;} UYaU Za is closed. So x e {t/o,} UYaD CY. Hence Y is closed. 

For q; e let {za,i \ i < A*a} be an enumeration of Z^ such that the 
function i i— > Za,i, i < /Uq, is a homeomorphism between fia and Z^, and let 
{ya,i I ^ < a;} be a 1-1 enumeration of Y^. Define ip : — > F as follows: 

(1) ip{a) = ya, a< A; 

(2) i/j{{a,i)) = ya,i, a e S, i e /la, 

(3) - 1)) = Za,i, a e S, i eu. 

Clearly, -0 is a bijection. We prove that is a homeomorphism between X^^p 
and Y. Since both Xx^jx and Y are compact, it suffices to show that for every 
B e Bx^p, V'(-S) is open in Y. 

We first show that Y^ and Z^ are open in F. Note that Y^ L) Z^ — 
Y n {Uy^ — {Ja U {Va}))- Since C/^^^ — ( Jq, U {ya}) is open in X, it follows that 

U Zq, is open in Y. Both Zq, U {ya} and U {ya} are compact and hence 
closed in X. So they are closed in Y. Since Ya — (Ya U Zq) — (Z^ U 
it follows that Y^, is open in Y. Similarly, Zq, is open in Y, because Zq, = 

(yaUZa)-(yaU{yj). 

Let S = {a} X V E Bx^p, where V is an open subset of Since 
-0 ["{a} X /Xq, is a homeomorphism onto Zq,, ■0(S) is open in Z^. So it is open 
in Y. Similarly, if S = {a} x 1/ e Bx,p, where V Q Cj, then '4>{B) is open in 
Ya- So it is open in Y. 

Let be an open subset of A + 1 and a QW H S he finite. For every 
i e (7 let Fj be a closed subset of //j + 1 not containing //j and Gi be a finite 
subset of Cj. Let S = W U UaeVFnsi"} x (/^a U cD) - UeaiO x i^i U C,). 
It remains to show that when B has this form, then 0(-B) is open in Y . 
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For i & a, Fi is compact in /i^. So {zij \ j e F^} is compact in Zj. So it is 
closed in Y. But x Fj) = {zjj | j e F^}. Hence ^i) closed in 

y. Also, ip{{i} X Gj) is finite and hence closed in Y. So ip{[ji^^{Fi U is 
closed in Y. 

Set W'^WU Uaew^n5{«} x U to). Then 5 = M^' - U,e.(^i U G,). 
We have already shown that ip{\Ji^„{Fi U Gj)) is closed in Y. So it remains 
to show that t/j{W') is open in Y. 

We may assume that W is an open convex subset of A + 1. Let us first 
deal with the case that W — {(3, 7), where /3, 7 e A + 1. Then 

^iw') = {yj « e 7)} u U {Y^y^z^) = Yn {Uy^ - Uy^). 

ae(/3,7)n5 

So tpCW') is open in Y. 

If W has the form (/3,A]. Then ^Y -Uy^. li W ^ [0,7), then 

^(t^') = YnUy^, and finally if VP" = A + 1, then = 1"- In all cases 

7p{W') is open in Y. Hence ^{B) is open in Y. 

Since takes all members of an open base of Xx,p to open subsets of Y 
and both Xx,p and Y are compact Hausdorff, is a homeomorphism between 
and Y. This proves Claim 2. 

We found that F is homeomorphic to Xx,fi. However, no subspace of X is 
homeomorphic to a member of S. So Xx,p, ^ S. This imphes that the set S 
of inconvenient ordinals is non-stationary. Let A be a closed and unbounded 
subset of A disjoint from 5", and let {xa | a < A} be a strictly increasing 
enumeration of {y^ \ P & A}. Denote e by x;^. The function a ^ Xa, oc < X 
is again a homeomorphism. 

We claim that there are no inconvenient ordinals with respect to 
{xa I CK < A}. Let a e A be a limit ordinal. There is /? such that Xa — yp- 
Clearly, ^ is a limit ordinal. Hence U^^ - U^^ = Uy^ - (J^^^ Uy^. Since 
(5 is not inconvenient with respect to {y^ | 7 < A} it follows that a is not 
inconvenient with respect to {x^ | 7 < A}. 
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We shall define by induction on o; < A finear orderings <q, of f4^. Since 
e — xx and Ue — X, the ordering <a is an ordering of X. This will be the 
ordering required in the theorem. 

Denote U^^ and V^^ by and respectively, and define 1^ — U/3<a ^^/3- 
We need the following facts. 

(3) Suppose that a is a limit ordinal. Then G "Dq. Also, there do not 
exist distinct Di,D2EVa — {Ia} such that cf >Ko and cf (L'2) > Ki. 

(4) Suppose that a is a limit ordinal. If is infinite, then for every 

The proof of (3) relies on the fact that a. is not inconvenient. For suppose 
by contradiction that L>i,D2 G - {/„}, d{Di) > Kq, cf(D2) > Ki. 
Let El , E2 be chains which generate Di and D2 respectively, and such that 
the order types of Ei and E2 arc regular cardinals. Suppose further that 
Ei U {xa} is closed under suprema in {X, <u) for i = 1,2. Let Ehc a, closed 
and unbounded subset of {xp \ j3 < a} with order type which is a regular 
cardinal. It follows that if cf (Z^i), cf(D2) > Ni, then EVJ EiVJ E2\J {x^} G T. 
If ci{Di) = Ko and cf(D2) > Ki, then setting Y = Ei and Z = E2 shows 
that a is inconvenient. We have proved (3) 

The proof of (4) relies on the fact that a is not inconvenient. Suppose by 
contradiction that is infinite and for some D G T>a — cf(D) > Ki. 

Let Y C Ua — la — D he a countably infinite set such that for every D' G T>a, 
\Y n D'\ < 1. Let Z he a chain which generates D whose order type is a 
regular cardinal and such that Z U is closed under suprema. Then the 
pair Y, Z is an evidence that a is inconvenient. Wc have proved (4) 

If {W, C) is a topological space and A C W, denote the relative topology 
that A inherits from (VF, C) by C f^- If ^ is a linear ordering of a set A, 
denote by r- the order topology of (A, Let p denote the topology 
oiX. 
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We now define by induction on a < A the linear ordering <a of Ua- We 
assume by induction that 

(11) T^^^p\Uo,. 

(12) If /3 < 7, then <^ C 

(13) If /9 < 7, then U/s is an initial segment of {U^, <^). 

Since rk(a;o) < rk(e) = ccq, we may apply the induction hypothesis that 
(*)<«o holds to Xo- Let <o be a linear ordering of Uq which induces the 
relative topology of Uq. Suppose that </3 has been defined. Since rk([/0+i — 
Up) < rk(e) = ao, by the induction hypothesis, there is a linear ordering 
<' of C/g+i — Uf^ which induces the relative topology of f//3+i — Up. Then 
<I3 U <' \J UfjX {Up+i — Up) is a linear ordering of t/g+i which satisfies 
the induction hypotheses. 

Suppose that 5 is a limit ordinal and <p has been defined for every (3 < S. 
Let <^ = IJ/3<5 — /3- So <^ is a linear ordering of Is. 

Case 1.1 There is D e Vs - {Is} such that d{D) > Ki. By (4), 
T>s is finite, and by (3) every D' E T>s — {I5, D} has a maximum. Let 
0" = {max(D') I Z^' G "D^ — {J^,/)}}. For every x & a, rk(x) < ao, so by 
the induction hypothesis, there is a linear ordering <x of U^ which induces 
the topology of Ux. Also, let <a be a linear ordering of a. Wc claim that 
S ^ X. This is so since Is and D are distinct maximal directed sets in Vs, 
so there cannot be a chain / in X^"^* such that [J^ei ~ X^'^^^, and we 
assumed that such an / exists for xx- Let Z = DU {xs}. It is easy to check 
that Z is closed in X. So Z is a scattered continuous image of a compact 
interval space. Since Z (1 Us and Tk{Us) = Tk{xs) < ao, it follows that 
rk{Z) < ao. Let = {U^ \ x G Z}, where U^ is defined as follows: if 
X 7^ Xs, then U^ = Ux and [/^ = Z. Then is a tree-like clopen system 
for Z. Let J be an unbounded chain in D. Then Z — {xs} — D = {J^ej ■ 
We assumed that (*)<ao holds. So there is a linear ordering <z of Z such 
that T-^ — p \ Z and such that = min((Z, <z))- We define the required 
linear ordering <s of Us as follows. 
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(1) Is <5 Z. (This means: for every a E 1$ and b E Z, a <s b). 

(2) For every x & a, Z <s U^- 

(3) For every x,y & a: ii x <„ then <s Uy. 

(4) <s\Is = <5, <s\Z = <z and <s\Ua; = <a; for every a; e «t. 

Clearly, <s is a hnear ordering of Us- Recall that t-^ denotes the order 
topology of {Us, <s)- We show that r-* = p\Us. 

Let IsU {xs} and X := {W, Z}U{U^\xe a}. Clearly, A" is a finite 
cover of Us- We shall argue as follows. At first we check that every member 
of X is closed in both t-^ and p \Us. Then we show (*) For every T e X, 
r^s \T^p\T. 

Notice that if ^ is a finite cover of a space {S, rf) consisting of closed sets, 
then for every V <Z S: 1/ e iffF n F e t F for every F e That is 
{ri\F\F & T} determines 77. Hence (*) imphes that t-^ — p. 

We show that for every x & a, r-* \ — p \ U^- Recall that <x is a 
hnear ordering of such that r-"^ — p \ Ux- Also, is a closed interval in 
{Us, <s) and <s\ ^ <x- So 

An identical argument shows that t-^ \ Z = p \ Z. 

Wc show that r-* \ W = p \ W. By (13) and the definition of <s, for 
every a < 6, Ua is an initial segment of {Is,<'s) and <'s\ Ua = <«• Since 
Is is an initial segment of {Us, <s) and <s \ I5 = it follows that Ua is an 
initial segment of {Us,<s) and <s \ Ua = <a for every a < 6. Since Ua is 
an initial segment of {Us, <s), the order topology of {Ua, "^sl Ua) is equal to 
the relative topology it inherits from {Us,t-^). And hence t-" = r-* \Ua- 
By the induction hypothesis, t-" = p \ Ua- So t-^ \ Ua = p \ Ua- Hence 
for every a < S, Ua is compact in the topology r-*. {Ua | a < 5} is an 
increasing sequence of initial segments of {Us, <s) and sup-*([J^^_5 Ua) = xs- 
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So Uq;<5 U {xs} is compact in (C/^, r). Recall that Ua<5 U {xg} — W. 
So W is compact in {Us,t-^). It is easy to see that cl ^^'''^ (Uq<5 f4) = W^- 
So is compact in {X, p) . 

In order to show that p \ W — r-* \ W it thus suffices to prove that 

\W C p fW^. Let V be open in {W, f W^). Suppose that xs ^ V. Then 
y = Ua<5(^ ^ ^")- Take a < 5. Then F n [/« is open in ([/„,t^^ t 
Since [/„ is an initial segment of {Us, <s), t-^^^" = r-* \ Ua- So V nUa is 
open in {Ua, <s\ Ua). But <s\ Ua ^ <«■ So 1/n t/^ is open in {Ua, <«)■ By 
(II), VnUais open in p \ Ua)- Since [/„ e p, \/ n e p. So F e p. 

Suppose next that xs G Then V — {xg} is open in {W, <s \ W). By 
the previous paragraph, V — {xs} is open in {W, p \ W). It remains to 
show that V contains a (p \ VF) -neighborhood of xg. Clearly, V contains an 
open final segment of {W, <s \ W). Hence for some a < 5, V D W — Ua- But 
W-Ua = (Us-Ua)nW. Obviously, {Us-Ua)nW is a (p t W^) -neighborhood 
of Xs. So V is open in {W, p\W). This imphes that t^'\W ^ p\W. 

It follows that p\Us^T-'. 

Case 1.2 T>s — {Is} 7^ and there is no D e "D^ — {Is} such that 
cf(L») > i^i. For every D e Vs - {Is} let /?d e {1,^;} and {xD,i \ i < Pd} 
be a strictly increasing unbounded sequence in D. For every D & Vs — {Is} 
let Vd,o = t/a;D,o and for < i < /3d let Vd,^ = f/^^ , - C/^o,,-!- Let 7 < a; 
and {Vi I i < 7} be a 1-1 enumeration of {Vd,? \ D E T>s — {Is} and i < /3d}- 
Then 14 is a scattered continuous image of a compact interval space with 
rank < ao- By the induction hypothesis there is a linear ordering <j of Vi 
such that — p\Vi. Let <s be defined as follows. 

(1) Is <S Xs< ... <S Vn <S ■■■ <S Vi <s Vq. 

(2) <s\Is = <'s, and <s\Vi = for every z e a;. 

It is left to the reader to check that t-^ = p\Us. 

Case 1.3 Vs = {h}- Define <s as follows: Is <s xs and <s\Is = ^'s- 
Note that in this case xs = in.ax{{Us, <s)). So if 5 = A, then the second part 
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of (*)qo is fulfilled. It is left to the reader to check that r-* = p\Us. 

Case 2 Assume that {X — {e}, <u \ {X — {e})) contains an unbounded 
chain I with uncountable cofinahty, and that X — {e} — Uxe/ ^- 
A be an uncountable cardinal and {xa | a < A} be an unbounded strictly 
increasing sequence in X<"^. Let Do — Ua<A W — DqU {e}. Then 

Do e T>e. By Facts (1) and (2), there are two possiblities. 

(1) There is Di E V^ — {Dq} such that cf (.Di) > Hi, is finite and every 
member of T>e — {Do, Di} has a maximum. 

(2) \Ve\ < Ko and for every D e Ve - {Do}, ci{D) < Kq. 

Case 2.1 (1) happens. Let a = {max(i:») \ D e Ve - {^o,-Di}}. For 
every x & a, rk(C/a;) < ao- So by the induction hypothesis Ux is homeo- 
morphic to an interval space. Since Ux is clopen for every x & a, it suffices 
to show that Z := X — [J^ea homeomorphic to an interval space. For 
i = 0, 1 let Zi — Dili {e}. Then Zi fulfill the assumptions of Case 1. Let <o 
be a linear ordering of Zq such that e = max((Zo, <o)) and t-° = p\Zo. Let 
<i be a linear ordering of Zi such that e = min((Zi, <i)) and r-^ = p\Zi. 
Clearly, Z — ZqVJ Zi. Define the relation < on Z as follows: 

(1) <\Zo = <o and <\Zo = <o. 

(2) Zo < Zi. 

It is left to the reader to check that < is a linear ordering of Zq U Z^ and that 

T^ = p\Z. 

Case 2.2 (2) happens. This case is similar to Case 2.1. For every 
D E T>c — {Do} let Po G {1,^^^} and {xD,i \ i < Pd} be a strictly increasing 
unbounded sequence in D. For every D E — {Do} let Vd,o = Ux^^-, and 
for < i < let ¥0,1 = Ux^,, - Uxo^,-i- Let 7 < and {Vi\i < 7} 
be a 1-1 enumeration of {Vu^i \ D E — {Dq} and i < (3d}- Then Vi is 
a scattered continuous image of a compact interval space with rank < ao- 
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By the induction hypothesis there is a hnear ordering <j of such that 
— p\Vi. Let Z — Do\j{e}. Then Z fulfills the assumptions of Case 1. So 
there is a hnear ordering <' of Z such that e = max((Z, <')) and r-' = p \Z. 
Let < be defined as follows. 

(1) < e< ... < v; < ... < < K)- 

(2) <\Z ^ <', and <\Vi = <i for every i e a;. 

It is left to the reader to check that r- = p. 

Case 3 Assume that X — {e} does not contains an unbounded chain 
with uncountable cofinality. This case too is similar to Case 1.2. For every 
D let (3d G {1, ^} and {x/j j |i < Po} be a strictly increasing unbounded 
sequence in D. For every D E Vg let Vofl = f^oo for < i < Pd let 
Vo.i = Ux^i — Uxj^^_i- Let 7 < cij and {Vi \ i < 7} be a 1-1 enumeration of 
{VD,i \ D E and ? < Pd}- Then is a scattered continuous image of a 
compact interval space with rank < aQ. By the induction hypothesis there is 
a linear ordering <j of such that r-' = p Let < be defined as follows. 

(1) e<... < < ... < Vi < Vo. 

(2) <tVi = <i for every z G a; . 

It is left to the reader to check that r- = p. 

4 A lemma about CO spaces 

Definition 4.1. Let K and L be unitary scattered compact spaces. 

(a) K and L are almost homeomorphic {K pa L) if there are clopen 
neighborhoods U and y of and respectively such that U = V. 

(b) We define the relation K -<™ L as follows. K L if for some 
K' ^ K, K' C L, e^' = and K ^ L. 

We also define the relation K -< L. Say that K -< L if for some X' ~ K, 
K' C L, rk(K) = rk(L) and K ^ L. Note that this implies that e^' = e^. 
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(c) Let X be a compact space and D C X. For every d E D let be 
an open neighborhood of d. The family V := {Vd \ d e D} is called a strong 
Hausdorff system for D if for every distinct d, e & D , Vd H Ve — and 

d{[j{Vd \deD}) = \J{d{Vd) \deD}ud{D). 

V is called a clopen strong Hausdorff system for D if every Vd is clopen. 

Theorem 4.2. Let X be a scattered compact space, and assume that for every 
subset S of X with regular cardinality there is D C. S such that \D\ — \S\, 
and D has a clopen strong Hausdorff system. 

(a) Suppose that there are unitary scattered compact spaces L and M 
and a family {L^ \ i E uj} of subsets of X such that M ~< L and for every 
i<j<u,Li^L and e^' ^ e^K Then X is not a CO space. 

{h) Suppose that there are unitary scattered compact spaces K, L and M 
such that M -< L K C. X, then X is not a CO space. 

Definition 4.3. Let F be a scattered compact space. 

(a) For an ordinal 9 define Re{Y) :={zeY\ rk^(z) = 6}. 

(b) Let be a unitary space with rank 9. We say that Y is K-based 
if rk(y) > ^ + 1, and there are U,V C Clop(F) such that the following 
holds. 

(1) Z// is a pairwise disjoint family, and V is a pairwise disjoint family. 

(2) For every U E U, U ^ K, and for every V E V, V is unitary and 
rk(y) = ^ + L 

(3) ReiY) C and Re+i{Y) C (JV. 

(c) Suppose that K, L are unitary spaces with the same rank 9. We say 
that Y is {K, L}-based if rk(F) > ^ + 1, and there are W, V C Clop (Y) such 
that the following holds. 

(1) W is a pairwise disjoint family, and V is a pairwise disjoint family. 
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(2) For every UeU, U!vK or U^L. For every V eV,V is unitary and 
rk(y) ^9+1. 

(3) Re{Y) C [jU and Re+i{Y) C[jV. 

(4) For every W e Clop(r), if rk(M^) > + 1, then there are U,V e 
Clop(r) such that U,V CW, U ^ K smdV ^ L. 

Note that a space Y is K-based iff it is {K, Kj-based. Suppose that Y 
is {K, L}-based and U, V are famihes assured by the {K, L}-basedness of Y. 
We denote U,V hy Uy and Vy respectively. ■ 

The trivial proof of the following proposition is left to the reader. 

Proposition 4.4. Let Y, Z, K, L be a compact scattered spaces, and assume 
that K and L are unitary with the same rank 9. 

(a) Suppose that Y is {K,L}-based and U e Clop(r). //rk([/) >9 + l, 
then U is {K, L} -based. 

(6) Assume that K ^ L and that Y is K-based and Z is {K, L}-based. 
Then Y ^ Z. 

(c) Assume that K ^ L and that Y is K-based and Z is {K, L}-based. 
Assume further that Y, Z are clopen unitary subspaces of X. Then ^ e^ . 

[d) Assume that K ^ L and that Y is {K,L}-based. Let 
Z = Y-[j{U eUvlU^L}. Then Z is K-based, rk(Z) = rk(r), = , 
Uz^{U eUvlU^K} andVz^{VnZ\V e Vy}. 

Proposition 4.5. Let X be a scattered compact space, and assume that for 
every infinite subset S of X there is an infinite subset DCS such that D 
has a clopen strong Hausdorff system. Let L be a unitary scattered compact 
space, and {Lj | ^ e a;} be a family of subsets of X such that 

(1) Li Ri L for every i & to and for i < j < u, e^' ^ e^^ , 

or 
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(2) for every i, Li is unitary and L-based, for every rk(Lj) = rk(L_,), 
and for i < j < uj, e^^ ^ e^^ . 

Then X has a unitary L-based subset F such that rk(F) = rk(Lj) + 1. 

Proof Let X, L and {Lj | z G cj} be as in the hypotheses of the proposition. 
Denote rk(L) by 9 and rk(Lj) by a. Let A = {e^* | i G uj}. For every 
a G A, if a = denote Li by La- Let x be an isolated point of acc(A) 
and let U G Nbr^p (x) be such that U fl acc(74) = {x}. Let B = A (1 U. 
Hence cl(-B) = B U {x}. There are an infinite subset C ^ B and a family 
T = {Tc I c G C} such that T is a clopen strong Hausdorff system for C. So 
cl^(UcGC^c) = (UcGC^c)U{x}. For every cG C let L'^ = L,n[/nT„ and let 
F = ol^'iUcecL'J- Then F = (UeGc4)U{x}. Clearly, i?„(F) n (U,ec 4) = 
C and acc(C) = {x}. So = {x}, = C and rk(F) = a + L 

Hence F is unitary. We now distinguish between the two cases. 

Case 1 For every i E uj, Li ^ L. 
Hence a = 6. Let U = {L'^ \ c G C}. Then U C Clop(F), W is a pairwise 
disjoint family and Re{F) = C ^ [jU. Also, for every c G C, L'^ ^ Lc ^ L. 
We now distinguish between the two cases. Define Up to he U and Vp to be 
{F}. Then and Vi? demonstrate that F is L-based. 

Case 2 For every i E uj, Li is L-based. 
Recall that L'^ = LcHUn Tc. So L^ G Clop (Lc). So by Proposition |i3](a), 
L'^ is L-based. Let U = JI^l', | c G C} and V = U{Vl', | c G C}. Clearly, 
W and V are pairwise disjoint families. (This is so because {L'^ | c G C} is 
a pairwise disjoint family). Also, for every U E U, U ^ L and for every 
G V, y is unitary and rk(y) = ^ + L Since rk^(x) = a + l>9+l and 
F - {x} = UcGc4' it follows that Re{F) = UeGc^e(L'J and = 
U,ec^^^+i(4)- Recall that ReiL'J C [J^l^ and ^ U^l- Hence 

-Re(i^) C [jU and i2e+i(L') ^ JV. So W and V demonstrate that F is 
L-based. □ 

Proposition 4.6. Let X be a compact CO space and L K (1 X . Then 
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there is a family {L.i \ i E uo} of subsets of X such that for every i, Li ^ L 
and for every z 7^ e^' 7^ e^^ . 

Proof We may assume that K is clopen in X. Let L' (1 K he such that 
L' L and e^' = . We define by induction clopen sets L„ and Ln^i, i < n. 
We assume by induction on n that for every i < n, Ln,i = L' , Ln = IJi<n 
and that for every i 7^ j, c^"-* 7^ e^"-^. 

Let Lq = Lq q G Clop {X) be homeomorphic to L'. Then the the in- 
duction hypotheses hold for tt, = 0. Suppose that L„ and L„ j, i < n 
have been defined. Let L„+i be a clopen set homeomorphic to L' U L„ and 
i/j : L' U Ln = Ln+i- FoT i < n define L„+i,i = i/j{Ln,i) and let = 
ip{L'). We check that the induction hypotheses hold. The only fact that needs 
to be verified is that for every distinct i,j < n + 1, e^"+^'^ 7^ e^^+ij _ jf i^j<n 
then e^"+^-' = ilj{e^"-') and e^"+^'^ = ip^e^""'^). So since e^"-' 7^ e-^"-^ and ^/^ is 
1-1, it follows that e^"+^'' 7^ g-C-n+ij. Suppose that i < n and j = n + 1. 
Note that L„_i G Nbr^p (e^"''). However, there is no [/ G Nbr^p(e^') 
such that U = Ln,i- Suppose by contradiction that such a U exists. Since 
K G Nbr^p (e^'), it follows that K ^ K nU ^ U ^ L' ^ L. A contradiction. 
So U does not exist, and hence e^' 7^ e^"-'\ It follows that 

So the induction hypotheses hold for n+1. This completes the inductive 
construction. 

It follows that {e^"'^ \ n E u, z < n} is infinite. □ 

Proof of Theorem 14.21 (a) Assume by way of contradiction that X is a 
CO space and that L, M and {Li | i G u;} are as in the hypotheses of 14.2( a). 
Denote rk(L) by 9. 

We prove by induction on a > ^ + 1 that there is Xa C X such that X^ is 
L-based, Xa is unitary and rk(Xcj) = a. By the first case of Proposition 14. 5[ 
there is a subspace F (1 X such that F is unitary of rank 9 + 1 and F is 
L-based. That is, Xg^i exists. Suppose that Xa exists. We may assume 



55 



that is clopen in X. Denote Wx„,Vx„ by U and V respectively. For 
every x e R0{Xo) there is a unique & U such that x e L^;. So Lj; L. 
Let X e R0+i{Xa). Then there is a unique Vx E V such that x E Vx- 
Choose Ax C i?e(T4) such that Ax and -R6t(T4) — are infinite. Note that 
a,cc{Ax) — acc{Ro{Vx) — Ax) — {x}. For every y E Ax choose My C Ly such 
that My Ri M. Define 

W = {Mj, I x e i?e+i(^a) and ?/ e A^} 

U{Ly I X e and y G - Ax} 

U{Ly\yeRe{X^)-[jV}. 
LetF = cl(UW') and V = {V nY \ V eV}. 

We shall see that Y is {L, M}-bascd, and that Uy and Vy can be taken to 
be W and V. Let y G Rg{Xa). Define A^^, = My if for some x G Rg+i{Xa)-, 
y G Aa;, and otherwise let A^j, = Ly. Then for every y G RelXa), y G 
C y and A^j, G Clop(y). So i?0(A:«) C Y and for every y G i?e(X„), 
rk'^'d/) = rk^^iy) = 0. That is, ReiX^) C Suppose by way of 

contradiction that Re(Y) — Rg{Xa) 7^ 0, and let y G ReiY) — Rg{Xa)- Since 
rk^(|/) < rk"^"(2/), rk"^"(y) > Hence every neighborhood of y intersects 
R0{Xa). Since Rg{Xa) C Rg(Y), every neighborhood of intersects i?6)(^). 
This contradicts the fact that rk'*^(?/) = 9. So Re{Xa) = Rg{Y). Clearly, 
cl(i?,(X,)) = DeiX^) and cl(i?e(l^)) = So DeiX^) = Dg{Y). So for 

every r]>9, D^{X^) = D^{Y). It follows that rk(F) = rk(A:„), Y is unitary 
and = e^". 

We next show that one can take Uy to be W. Clearly, W is a pairwise 
disjoint family, every member of W is almost homeomorphic to either L or 
M. For every space Z, Rg+i{Z) = Dg+i{Z) — De+2{,Z). So since D^(Xq,) = 
Dr^{Y) for every f] > 9, Rgj^i{Xa) = Rg+i{Y). By the construction, for 
every x G Rg-^-i{Xa) and a neighborhood of x there are U,V E Clop(y) 
such that U,V C W, U ^ L and V ^ M. So for every x G Re+iiY) 
and a neighborhood W oi x there are U,V E Clop (F) such that f/, V C 
W, U K, L and y pa M. By the construction, Re{Xa) C [JW. So since 
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Rq(Y) = Rg{X^), it follows that Re{Y) C [jW. 

We check that Vy can be taken to be V. Clearly, V' is a pairwise disjoint 
family. Since Rg+iiXa) C [J V, it follows that Re+iiX^) n F C (J V) n 
But Re+i{X^) = Re+i{Y) = Re+i{Y) n Y and (JV) n y = [jV . So 
Re+iiY) C JV. Let V e V. Denote by x. So F = K- Also, x e 
Re+i{X„) = Re+i{Y). So x G F n F and indeed {VnY)r] Re+i{Y) = {x}. 
So y n y is unitary and rk^(y) =9 + 1. We have shown everything that is 
required in order to conclude that Y is {L, M}-based. 

We verify that Y -< X^. We have already seen that rk(y) = rk{Xa) 
and that Y is unitary. Also, Y C X^ and X^ is unitary. It remains to 
show that Y 56 X^. Recall that X^ is L-based and that Y is {L, M}-based. 
Also, M ^ L and hence M ^ L. Then by Proposition |0](b), Y ^ X^. So 
Y ^X^. 

It follows that Y Xa- By Proposition l4.6l there is a family {Yi \ i & u} 
of subsets of X such that for every i, Yi ^Y and for every i ^ j, e^' e^K 

For every i e u let Zi = Yi - \J{U E Uy, \ U ^ M}. By Proposi- 
tion |4]4l^d), Zi is L-based, e^' = e^' and rk(Zj) = a. By the second case of 
Proposition 14.51 there is Z C X such that rk(Z) = a + 1 and Z is L-based. 
So Xa+i := Z is as required. 

Let 6 he a limit ordinal, and suppose that for every a < 6, Xa exists. Set 
6 = rk(L). Let A = cf{6) and {ctj | z < A} be a strictly increasing sequence 
converging to 6 such that cto > ^ + 1- For z < A let Fj C X be a clopen 
unitary L-based set with rank Oj. Hence for every i < X, rk"^(e^') = a^. It 
follows that e^' 7^ e^^' for every i 7^ j. So |{e^' | i < A}| = A. Hence there 
are A C {e^' M < A} and W = {Wa \ a E A} such that |^| = A and W is 
a clopen strong Hausdorff system for A. That is, W is a pairwise disjoint 
family consisting of clopen sets, a E Wa for every a E A, and cl^(lj W) = 
(U W) U acc^(A). For a = e^^ E A set Y" = Yi. 

Note the following fact. (*) If V = {H | b E B} is a clopen strong 
Hausdorff system for B, and J-" = {F^ \ b E B} is a. family of closed sets such 
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that be Fb<^Vb for every b e B. Then cP(U J^) = {[jJ^)U acc^(S). 

For every a G A let Y^^ = Y" n Wa, and let Y = cl^{[j{YQ^ \ aeA}). So 
by (*), Y = {[j{Y^ \ a e A})U acc^(A). Note that for every a e A, Y^ is 
clopen in F, Yq ^ Y"- and a = e^o". Hence rk^(a) = rk^'"(a) = rk^"(a). It 
follows that sup„g^rk^(a) > 5. So rk(y) > 5. 

Claim 1 For every y G F - UaGA ^o"; rk^(?/) > 6* + 1. 

Proof Let y G y - UaeA^o"- Recall that Y = (UaGA^o") U acc(y4). So 
y G acc"^(A). We show that for every V G l^hT^{y) there is z G fl y such 
that rk^(2;) > 9 + 1. We may assume that V is clopen. Since y G acc"^(yl), 
it follows that V f] A ^ ^. Let a G F n A. Then rk'^o'"^(a) = rk^o''(a) = 
rk'^"(a) > ^ + 1. Clearly, Y^^nV C Y. So rk^(a) > ^ + 1. It follows that 
ik^ (y) > 9 + 1. So Claim 1 is proved. 

Claim 2 y is L-based. 

Proof Recall that for every a e A, y^f = Y'^nWa and rk(yo'') = rk(y'') > 
9 + 1. Hence by Proposition 14.4( a). Yq is L-based. Let Ua,Va demonstrate 
that Yq is L-based. Set U = UaeA^a ^ = Uoga ^a- We show that U, V 
demonstrate that Y is L-based. Since {Y^ \ a G A} is a pairwise disjoint 
family, and for every a & A, Ua is a pairwise disjoint family, it follows that 
W is a pairwise disjoint family. Similarly, V is a pairwise disjoint family. 
It is also trivial that for every U & U, U ^ L and that for every y G V, 
rk(y) =9+1. 

Let y G Re{Y). By Claim 1, there is a G A such that y G Yq. Since Yq 
is clopen in Y, rk^" = rk^ = 9. So there is ?7 G Ua such that y G U. But 
U eU. It follows that y G [jU. That is, Rg{Y) C [jU. 

An identical argument shows that Re+i (Y) C [J V. We have shown that 
y is L-based. So Claim 2 is proved. 

Let X G y be such that rk^(x) = 5, and let T G Clop(X) be such that 
T n Ds{Y) = {x}. Set y = T n y. Hence Y is unitary of rank 6. By 
Proposition 14.4( a) . Y is L-based. Define Xs = Y. Then Xs is as required. 

We have proved that for every ordinal a, X contains a subset with rank a. 
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A contradiction. So X is not a CO-space. 

(b) Let M ^ L -<'^ C X be as in Part (b). By Proposition HJl there 
is a family {Li \ i E u} such for every i E u, Li = L and for every i ^ j, 
gL, _^ gLj _ gy Part (a) of this theorem, and since M -< L, X is not a CO 
space. □ 



5 CO spaces must omit the obstructions 

The existence of strong Hausdorff systems is used in this section. However, 
the full strength of Lemma 12.21 is not needed and only the following fact is 
used. 

Corollary 5.1. Let X be a continuous image of a compact interval space. 
Let A (1 X be such that \A\ is regular and cl{A) is scattered. Then there is 
B C A such that \B\ = \A\ and B has a strong Hausdorff system. 

Proposition 5.2. Let X be a scattered continuous image of an interval space, 
and assume that X is a CO space. 

(a) // (k, A,yu) is a legal triple, then X^^a.^j ^■5 not embeddable in X. 

(b) The set {e^ \ F C X and F = X^J is finite. 

Proof (a) Suppose by way of contradiction that {k, A, ji) is a legal triple 
and X|^^x,^l is embeddable in X. We may assume that k < X < fi. It is 
then obvious that + 1 -< /i + l + A* -< X^^^x,n- So by Theorem 14.2( b) 
and Corollary 15. ![ X is not a CO space. A contradiction, so X^^x^^ is not 
embeddable in X. 

(b) Assume by contradiction that {e^ | F C X and F = Xj-^^} is infinite. 
Clearly, -<™ , so by Theorem 14.2( a) and Corollary 15. X is not a 
CO space. A contradiction, so {e^ | F C X and F = X^j} is finite. □ 

We also have to prove that obstructions of the type Xx^fi are not embed- 
dable in X. In order to show this we consider the following space. Let A be 
a cardinal and C A. For a E S let La = 1 + uj* and for every a G A — let 
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La — 1. Define Xx,s to be the topological space with universe X^cka + 1 
and with the order topology as its topology. 

Proposition 5.3. (a) Let A be an uncontahle regular cardinal and 5*1, 5*2 C A 
he subsets of A such that Si — S2 is stationary. Then Xx^si ^ ^\,S2- A^so, 
^x,Si is not homeomorphic to an ordinal. 

(b) Let X be a scattered continuous image of a compact interval space, 
and assume that X is a CO space. Let Y = X\^^ and assume that Dom(/2) 
is a stationary set in A. Then Y is not embeddable in X. 

Proof (a) Suppose by way of contradiction that / : Xx^Si — ^x,S2- Fo^^ 
5" C A represent Xx^s in the following way. Xx^s = {X + 1) U {S x u) , where 
for peS,Lp = {/3} U {{13} X u) and for (3^S,Lp^ {/?}. For a < A denote 
Xx,s \ [«, A] = [a, A] U {{S n [a, A]) x u). 

Note that acc(A + l) C acc^Xx^Si) C A + 1. This imphes that /[acc(A)] C 
A + 1. It follows that there is a club C in A such that f \C = Id. For every 
f3 e Si, l3 e acc^^-^i({/3} x u) and for every /3 G 52, (3 ^ a.cc'^^'^'2[Xx,s2 \ 
[/3+1, A]). Hence for every (3 e (S*! — 5'2)nC, there are < f3 and ma, rig e co 
such that f{{j3,m,g)) = 7^ or f{{l3,m/s)) ~ {'Ji^jfi^). There is a stationary 
subset 5" C (5*1 — S2) n C such that for every a, l3 G S, rUa — mp and 
na = Up. By Fodor's Lemma, for some distinct a, G S*, 7^ = 7/3. So 
f{{l3,np)) — /((7,n-y)). So / is not 1-1. A contradiction, so / does not 
exist. 

Wc show that Xx^s^ is not homeomorphic to an ordinal space. Since 
A + 1 = X;^,0, Xx^s^ ^ A + 1. But Xx^s-i is a unitary space with rank A, and 
upto a homeomorphism, the only ordinal space which is unitary with rank A 
is A + 1. So Xx^Si is not homeomorphic to an ordinal space. 

(b) Suppose by way of contradiction that Y — Xx^p Q X. Let 
S = Dom(/i). Let Yq be a clopen unitary subspace of Y such that 

= A + 1. Then Yq contains a clopen subspace Yi homeomorphic to X^^^j, 
where Dom(/2i) is a final segment of S. Clearly e^^ — A. Now, replace Y by 
Yi. Then we may assume that = A. 
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By the easy direction of Theorem 13. Xx^ft is not homeomorphic to an 
interval space. Moreover, if f/ G Nbr^ip(A), then U contains a space home- 
omorphic to X\^ft', where Dom(/2') is a final segment of S. So U is not 
homeomorphic to an interval space. Let Z be the subspace of Y whose uni- 
verse is (A + 1) U (5* X ci)). Then Z is homeomorphic to Xx^s which is an 
interval space. SoY^Z. Also, = A. It follows that Z Y. 

Clearly, A + 1 is a closed unitary subspace of Z, e^^^ = A = and 
rk^(A) = rk'*'^^(A). For every U G Nbrf[p(A) there is a final segment S' of S 
such that U contains a subspace homeomorphic to Xx^s'- By Part (a), U is 
not homeomorphic to an ordinal. So Z ^ X + 1. It follows that X + 1 ~< Z. 
We thus have A + 1 ^ Z ^" F. By Corollary O and Theorem S^l^b), X is 
not a CO space. A contradiction so Xx^fi is not embeddable in X. □ 

6 The characterization 

In this section we prove Theorem 11.11 

Theorem 6.1. Let X be a scattered continuous image of a compact interval 
space, and assume that X is a CO space. Then there is a finite family of 
pairwise disjoint spaces {Yi | « G /} and an ordinal a + 1 disjoint from the 
Yi 's such that X = {a + 1) U [j^^j Yi and 

(1) For every i ^ I either Yi = Xx,^, where A, /i are infinite regular cardi- 
nals and /i > orYi = . 

(2) a > a{Yi) for every i E I . 

We quote the following Theorem from [BBR] 

Theorem 6.2. Let X he a compact interval space, and assume that X is a 
CO space. Then there is a finite family of pairwise disjoint spaces {Yi | i G /} 
and an ordinal a + 1 disjoint from the Yi 's such that X = (a + 1) U Uig/ 
and 
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(1) For every i E I ,Yi = Xx^^, where A, fi are infinite regular cardinals and 
/i > Ko- 

(2) a > a(Yi) for every i E I. 

Proof of Theorem EUl Let a = {e^ \ F C X and F ^ X^^}. Then by 
Proposition 15.2( b). a is finite. For every x G cr let F^, C X be such that 
Fx = Xn^ and x = e^"^ . Let F = [j^^^Fx, Z he a clopen subset of X 
homeomorphic to F and ^ be a homeomorphism between F and Z. Clearly, 
ipla] C a and Itplcr]] = \(y\- So ipla] = a. That is, a C Z. 

Let Y = X — Z. Since y fl cr = 0, it follows that Y does not contain 
a subspace homeomorphic to X^i- Since X is a CO space and by Propo- 
sitions [521(a) and 15.3( b). X does not contain a subspace homeomorphic to 
XK,x,fi, where {k, A, /i) is a legal triple, and X does not contain a subspace 
homeomorphic to -^A,/t, where Dom (/i) is stationary in A. So the same holds 
for Y. By Theorem 13.11 Y is homeomorphic to an interval space. We claim 
that y is a CO space. If Y is countable, then Y is homeomorphic to an 
ordinal. So Y is CO. Assume that Y is uncountable. Let F be a closed 
subset of Y. There is U e Clop (X) such that U ^ F. Let V = U n Z 
and W = U n Y. If y = 0, then U G Clop(y), so there is nothing more 
to do. Suppose that F 7^ 0. Recall that V C U = F (1 Y. So F is a 
closed subspace of an interval space, and hence V too is a compact interval 
space. The only compact interval spaces embeddable in Z are finite spaces 
and spaces which are a disjoint union of finitely many copies of X^q. So for 
some n E uj, V = uj ■ n + 1, or V is finite. Since Y is uncountable and y is a 
scattered compact interval space, it contains a clopen set homeomorphic to 
+ So for every n G cu, y = y U [u!-n + 1), where the union is disjoint. It 
thus suffices to find a clopen subset of y U (u;-?t. + 1) which is homeomorphic 
to U = y U W. ly is a clopen subset of Y and either V is finite or it is 
homeomorphic to a;-n + 1. In either case V is homeomorphic to a clopen 
subset of cij-n + 1. So y is a CO space. 
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By Theorem 16.21 there is a finite family of pairwise disjoint spaces 
{Yi I i G /} and an ordinal a + 1 disjoint from the l^'s such that: 
(1) Y = {a + l)U [j.^iY,; (2) for every i e I, Yi = Xx,^, where A, /i are 
infinite regular cardinals and /i > Kq; (3) a > a{Yi) for every i & I. 

If a = 0, then the above description of Y fulfills the requirements of the 
theorem. Suppose that a 7^ 0. Then it remains to show that a > uJ^ . This 
is certainly true if / 7^ 0. So suppose that / = 0. Note that ~< -^Hi- So 
by Proposition 14.61 there is a family {Lj | i G oj} of subsets of X such that 
for every i, Lj ^ ^No5 ^ind for every % 7^ j, e^* 7^ e^K Z fl \e^^ | « G oj} is 
finite. So (a + 1) fl \e^^ | i G ijj} is infinite. That is, R\[a + 1) is infinite. This 
implies that a > w^. □ 

Proof of Theorem 11.11 Combine Theorems 11.21 and 16. 1[ □ 



7 Characterization of CO compact interval 
spaces. 

In the previous section we quoted without proof Theorem 16.21 from [BBR] . 
However, Theorem 16.21 follows easily from the previous sections. So for com- 
pleteness, we include a proof of Theorem 16.21 

The following proposition is an addition to Theorem 14.2( a). 

Proposition 7.1. Let X he a scattered compact space, and assume that 
for every subset S of X with regular cardinality there is D C S such that 
\D\ = \S\, and D has a clopen strong Hausdorff system. 

Suppose that there is a family {Lj | z G u;} of compact subsets of X such 
that (1) for every i & uj, Li is unitary, and (2) for every distinct i,j G uj, 
U G Nbr^i^(e^O and V G Clop{Lj), U^V. Then X is not a CO space. 

Proof Suppose by contradiction that X is a CO space. Denote e^^ by Cj. 
We may assume that for every i & u, Li is clopen in X. Then by (2), for 
every distinct i,j E u, Ci ^ cj. We may further assume that acc({ei | i G u>}) 
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is a singleton. Denote it by x. We may also assume that for every i < j G oj, 
rk^(ei) < rk^(ej). There is an infinite subset a C a; such that {cj | z G a} has 
a clopen strong Hausdorff' system. We may assume a = u. Let {Ui \ i E uj} 
be a clopen strong Hausdorff' system for {cj | i G tu}. Let = Lj fl L^j 
and K = (Uiew -^i) {■^i- Then K is closed and unitary, = x and 
rk^(x) = Sup({rk^(ei)|2 G a;}). We define M, L such that M C L C if . Let 
r C (T C be such that r, a— r and a;— o" are infinite. Let L = (IJjeo- 
and M = (Uier-^i) {^}- -'■^ obvious that M,L are closed and unitary, 
that = e^^ = X and that rk(L) = rk(M) = rk{K). 

We show that L ~< K. We already know that L, K are unitary, L (1 K 
and that rk(L) = Tk{K). So it remains to show that L ^ K. Suppose 
by contradiction that U G Nbr^p(x), V G Nbr^ip(x) and U = V. Let 
f : U = V. Since x is the only accumulation point of {cj | z G u;}, it follows 
that {ei\i E io} — U is finite. So there is i E 00 — a such that G t/. Clearly, 
/(cj) 7^ X, so there is j G a such that /(ej) G Fj. 

We consider the sets S = /~i(L;.ny)n(L^nf/) andT= (L;ny)n/[L^n[/]. 
Then ei G S C Li, T C Lj and (/ f 5) : 5 ^ T. We check that S G Clop(Li) 
and T G aop(Lj). Since L^, f/ G Clop(K), it follows that L'^nU G aop(K). 
Also, since L'^nV E Clop (\/), it follows that f~^m nV) E Clop (f/). Hence 
f-\L'j nV) E Clop (if). So 5 G Clop(K). Now, 5 C K n Li C Li and 
K n Li E Clop(Lj). Hence S E Clop(Lj). A similar calculation shows 
that T E Clop(Lj). So 5 G Nbr^i^(ei) and f[S] E Clop(Lj). That is, 
S E Nbr^i^(ei), T E Clop(Lj) and 5 ^ T. But i E u - a and j E a. So 
i ^ j- These facts contradict (2). Hence K L. We have shown that 
L^K. 

A similar argument shows that M -< L. 

We have shown that M -< L -< K . So by Theorem 14.2( b). X is not a CO 
space. A contradiction. So X is not a CO space. □ 

Let X be a space and x E X. Then x is called a double-limit point of X, 
if there are infinite cardinals A, and an embedding / : X^^^ X such that 
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cf(/i) > Ki and /(e^^>'') = x. 

We represent Xx^^ as (A + 1) U ({0} x /i). The subspace A + 1 of Xa,^ 
is denoted by and the subspace {A} U ({0} x /i) of Xx^^ is denoted by 

Proposition 7.2. Let X be a CO compact interval space. 

(a) Let X E X he a double-limit point. Then there are regular cardinals 
A, jj and U G Nbr^p (x) such that /i > and U = Xx,^. 

(b) The set of double-limit points of X is finite. 

Proof (a) Note that the following facts. 

(1) There is a subset F C Xx,^ such that F = ^cf(A),cf(^) and = c'^^-'^. 

(2) liUe Nbr eip (e^^-), then U ^ Xx,^. 

Let X be a double-limit point of X, and let /, A and fi be as in the definition 
of a double-limit point. By Fact (1), we may assume that X, jj, are regular 
cardinals. We may also assume that > A. Let F = Rnf(/), and let 
V G Nbr^p(a:) be a unitary subspace such that = x. Then either F 
OT F V. Suppose by contradiction that F V. Clearly, f[Xl^^] ~< F. 
By Corollary EH Theorem applies to X. So since f[XlJ ^ F y, it 
follows from 14.2( b) that X is not a CO space. A contradiction, so V ^ F. 
By Fact (2), there is W e Nbr^p(a;) such that W = Xa,^. 

(b) It follows from Part (a) that if X is a CO compact interval space 
and a; G X is a double-limit point of X, then there is a unique pair (A, fj) = 
(XxjI^-x) which satisies: 

(1) yU > Ki and /X > A. 

(2) There is an embedding / : Xa,^ — > X such that f{e^^'^) = x. 
Also, Xx^fJ'x are regular cardinals. 

Suppose by contradiction that X contains infinitely many double-limit 
points. 

Case 1 There are A, /i and an infinite set A of double-limit points of X 
such that for every x E A, {Xx,iJ.x) = (-^i/^)- Let L = Xx,^ and M = Xl^^. 
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Note that X^^ = ^ + 1. So since rk(L) = rk(M) = /i, it follows that M -< L. 
Then there is a family {Lj | i G a;} such that for every i E uj, Li ^ X and 
Lj = L, and for every distinct i,j G uj, e^^ ^ e^K By Theorem 14.2( a). X is 
not a CO space. A contradiction. 

Case 2 The set {(Aa;,/x^.) | x is a double-limit point of X} is infinite. 
Note that if (A,/i) 7^ (^,1^), then for every ?7 G NbrJ^''^(e^^-'^) and V G 
Clop(XK,:y), [/ ^ So X satisfies the conditions of Proposition 17. 1[ Hence 
X is not a CO space. A contradiction. 

It follows that the set of double-limit points of X is finite. □ 

Proposition 7.3. Let X he a CO compact interval space. Then there are 
no cardinal with uncountable cofinality A and a stationary subset C A such 
that Xx s is embeddable in X . 

Proof Suppose by contradiction that Xx s is embeddable in X. Without 
loss of generality A is regular. Let T C 5* be a stationary subset of A such 
that — T is stationary in A. By Proposition 15.3( a). A + 1 ^ Xx^t -< ^\,s- 
So by Theorem 14.2( b). X is not a CO space. A contradiction. □ 

Theorem 7.4. Let X be a compact scattered interval space. Suppose that X 
does not have double-limit points, and there are no cardinal A with uncount- 
able cofinality and a stationary subset 5* C A such that Xx.s is embeddable in 
X . Then X is homeomorphic to an ordinal space. 

Proof The proof is by induction on the rank oi X. If X is a scattered 
compact interval space with countable rank, then X is countable. Hence X 
is homeomorphic to the interval space of a countable ordinal. So the claim 
is true for every space with countable rank. 

Suppose that the claim is true for every space with rank < a. Let X be 
a compact scattered interval space with rank a, and suppose that X does 
not have double-limit points, and there are no uncountable cardinal A and a 
stationary subset 5 C A such that Xx,s is embeddable in X. We may assume 
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that X is unitary. Let < be a linear ordering of X such that = r^. We 
may assume that e acc(X<^^). 

Case 1 cf^^j(e'^) = uj. Assume first that e acc(X^^^). Then since 
is not a double-hmit point of X, it follows that cfpj-^^(e^) = uj. Let 
{xi I i e a;} be a strictly increasing sequence converging to such that for 
every i & u, Xi has a successor in {X, <) . Similarly let {yi\i G cu} be a strictly 
deccreasing sequence converging to such that for every i & cu, i/i has a 
predecessor in {X, <). Let Uq — X-^°, and for every i > OletUi — Xj]. 
Similarly, let Vo — X-y°, and for every z > let = So for every 

i E CO, Ui and are clopen subsets of X and ick{Ui),ick{Vi) < a. By the 
induction hypothesis, for every i e a; there are well orderings <u^ of C/j and 
<Vi of Vi which induce the topologies of Ui and of V^. Define a new linear 
ordering <' on X. 

Uo <' Vo <' Ui <' <' . . . <' 

and for every x,y E X: if for some i, x,y E Ui, then x <' y iS x y, and 
if for some i, x,y E V^, then x <' y iS x <y. y. 

It is obvious that <' is a well ordering of X and that r^' = t-^ . 

The case that acc(X^'^^) is similar but simpler. 

Case 2 cf^^^(e^) > uj. Denote cf^^^(e^) by A. Let {xi\i E A} be a 
strictly increasing continuous sequence converging to e^. Let 

5* = {i e A I i is a hmit ordinal, and Xj E acc^(X^^*)}. 

For every i E S, cf^^^(xj) = u, for otherwise X>1 IS db double-limit point. It 
follows that Xx^s is embcddable in X. So S is not stationary. Let C be a club 
of A such that every point of C is a limit point and such that CPS' = 0. So for 
every i E C, Xi has a successor in X. For z G C let i 1 be the successor of 
i in C. Hence for every i E C, X^ := {xi, x^ _,_c i]^"^'^^ is a clopen subset of X. 
Also, Xq := [min(Ar), min(C)]^"^''^^ is clopen in X. Clearly, = max(X), for 
otherwise, is a double-limit point in X. Hence X = {\Ji^cu{o} -^i) U{e^}. 
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For every i G CU{0}, rk(Xj) < rk(X). So by the induction hypothesis there 
is a well-ordering <j of such that t^^ = \ Xi. Define the linear ordering 
<' of X such that {X, <') is the lexicographic sum J2iecuo(-^i^ + 
It is easy and left to the reader to check that r^' = . □ 

Proof of Theorem 16.21 Let X be a CO compact interval space. By Theo- 
rem [L2l X is scattered. 

By Proposition 17.31 there is no cardinal A with uncountable cofinality and 
a stationary set 5" C A such that Xx^s is embeddable in X. 

By Proposition 17.2( a) and (b), there are k E u, clopen sets Ui C X, and 
regular infinite cardinals Aj,/ii i < k, such that 

(1) fii > and Ui^Xx,,f,,. 

(2) X — |Jt<fc double-limit points. 

By Proposition 17.41 X — IJi<A,. Ui is homeomorphic to an ordinal space a -|- 1. 
Let /i = max(/io, . . . , /ifc-i). Then fi + 1 ~< Xx^^j,. Hence by Proposition 14. 6[ 
there is a family {Li | i G a;} of subsets of X such that for every i, ^ fi + 1 
and for every i ^ j, e^' ^ e^K Clearly, for every z G oj, e^' ^ Ui<fc ^i- This 
implies that ■ + 1 is embeddable in a + 1. Hence ■ u < a. □ 
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Notation index 



Xx^j. The interval space of A + 1 + /U* 1 

Q!(Xa,^) = max(A, ji) • uj. 1 
Kqii . The class of all Hausdorff spaces which are a continuous 

image of a compact interval space 2 

d^{A). Closure of A in X 4 

int^(A). Interior of in X 4 

acc"^(A). Set of accumulation points of A in X 4 

Nbr"^(x). Set of open neighborhoods of a; in X 4 

Nbr^(a;). Set of closed neighborhoods of a; in X 4 

Nbr^p(a:). Set of clopen neighborhoods of a; in X 4 

acc(^). The set of accumulation points of a family of sets A 4 

1{N). The family of convex components of X in a linear ordering L 5 

Is(X). The set of isolated points of X 8 

D(X) = X-Is(X) 8 

Dq,(X). The a's derivative of X 8 

rk(X). The rank of X 8 

ker (X) = Di.k(x)(^)- The maximal perfect subset of X 8 

Clop(X). The set of clopen subsets of X 8 

Clsd(X). The set of closed subsets of X 8 

Po(X) = {x G X I there is f/ G Nbr(a:) such that cl([/) is perfect} 8 

S{X) = {F e Clsd (ker (X)) | F is scattered} 8 

r?(X) = sup({rk(F) I F G 5(X)}) 8 

Good(X). The set of good points of X 15 

rk^(x) = max({a I X G D«(X)}) 15 

PD (X) = X - Is (X) - Po (X). The perfect derivative of X 18 

PDq,(X). The a's perfect derivative of X 18 

prk(X) = max ({a | PD«(X) ^ 0}). The perfect rank of X 18 

Pend(X) = PDpi.k(x)(X)- The perfect end of X. 18 
i^TH • The class of all compact Hausdorff spaces that have 
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Properties (THl) - (TH3) 20 

Xf The family of pointed spaces associated with t in a P-system V 23 

T-p. The index set of a type system V 23 

Xf. The family of spaces associated with i in a P-system V 23 

X-p. The class of all pointed spaces of a type system V 23 

X-p. The class of all spaces of a type system V 23 

P(A). Powerset of A 24 

?? 24 

M'^ = {{X, d) I {X, d) is a r-marker} 24 

0p = {M-p I r e r} 24 

acc^(A). The set of //-accumulation points of A 26 

Endp(X) 29 

Goodp(X) 29 
A"^. The class of all pointed spaces which are i7-domnstrative 

(Q;-|-l)-codes with a member of Pend(X) as their distiguished point 30 

. The P-system of i7-demonstrative codes 30 

Bx,ii. A base of X^,^ 34 

p<^ = {y e P I y < x} 36 
cf ^ <)(f*) ^-nd cf^ <)(q)- The cofinality of a from the left and the 

cofinality of a from the right 36 

Xx,s 58 

K- For a member a of a BA B, T4 = {x e Ult {B)\ae x) 68 
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Definition index 



accumulation point of ^ 4 
accumulation point: A-accumulation point. A point X IS cl 

A-accumulation point of A if \U H A\ = X for every U G Nbr(a;) 13 

attained: f2{X) is not attained in X 12 

code: a-code 18 

code 18 
collect ionwisc HausdorfT space. X is collectionwisc Hausdorff if every 

relatively discrete subset of X has a Hausdorff system 5 

demonstrative set: i?-demonstrative set 19 

dense: A-dense linear ordering 13 

derivative. 8 

filler 24 

good point 12 

Hausdorff system 4 

marker: /"-marker 24 

marker: /x-special {t}-marker 26 

occurs: X occurs in Y 23 

occurs: A P-system occurs in Y 23 

P-system. Abbreviation of a proliferation system 23 

pairwise disjoint family of subsets of X 4 

pairwise disjoint set of elements of a Boolean algebra 68 

perfect derivative 18 

perfect end 18 

perfect kernel 8 

perfect rank 18 
perfect set. A set which does not have isolated points in its 

relative topology 8 
pointed space. A pair {X,x), where X is a topological space and x & X 23 

principal 38 
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proliferation system 23 

rank of a; in X 15 
rank. The rank of X, the first ordinal a. such that Dq,(X) is finite 

or perfect 8 

relatively discrete. A is relatively discrete if A fl acc {A) — % 4 

scattered space 2 

strong Hausdorff system 4 

strongly Hausdorff for convergent sequences 11 
strongly Hausdorff space. X is strongly Hausdorff if every relatively 

discrete subset of X has a strong Hausdorff system 5 

tight family of subsets of X 4 
tightly Hausdorff space. X is tightly Hausdorff if every relatively 

discrete subset of X has a tight Hausdorff system 5 

tree-like clopen system 35 

type system 23 
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